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The purpose of this paper is to provide an overview of how to analyse the distributional
e⁄ects of ￿scal reforms. Thereby, distributional e⁄ects shall be di⁄erentiated by four
subconcepts, i.e. 1.) the traditional concept of inequality, 2.) the rather novel concept of
polarisation, 3.) the concept of progression in taxation, and 4.) the concepts of income
poverty and richness. The concept of inequality and the concept of income poverty are
the by far most widely applied concepts in empirical analyses, probably since they appear
to be the most transparent ones in their structure as well as the most controversial ones
in political a⁄airs. However, the concepts of richness, polarisation and progression in
taxation shall additionally be subject of this analysis, since they appear to be useful
devices on the course of analysing cause and e⁄ect of the other two concepts.
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41 Introduction
Reforms of the troubled welfare state and especially the tax and bene￿t system are high
on the political agenda in various countries. Such reforms usually a⁄ect the structure of
tax burdens and the amount of bene￿ts received and thus the distribution of disposable
incomes. Since in a democratic political system, such reform proposals need to win the
majority of votes before they can be implemented, it appears crucial to analyse who may
gain and who may lose as a consequence of such reforms. This paper will therefore focus
on the measurement of the distributional e⁄ects of policy reforms.
Empirical approaches use real data sets on income distributions in order to analyse
distributional e⁄ects of various reform scenarios. Such approaches may be di⁄erentiated
by the timing of their analysis. While ex-post approaches rather use actual data after the
reform has been implemented, in order to evaluate its e⁄ects, ex-ante approaches simulate
data with respect to an oncoming implementation of a reform and forecast potential e⁄ects
of its implementation. The latter approach uses data provided by microsimulation models1
to estimate the e⁄ects of future reforms with econometric methods.
The purpose of this paper is to provide an overview of how to analyse the distribu-
tional e⁄ects of ￿scal reforms. Thereby, distributional e⁄ects shall be di⁄erentiated by
four subconcepts, i.e. 1.) the traditional concept of inequality, 2.) the rather novel con-
cept of polarisation, 3.) the concept of progression in taxation, and 4.) the concept of
income poverty and complementarily richness. The traditional concept of inequality and
the concept of income poverty are the by far most widely applied concepts in empirical
analyses, probably since they appear to be the most transparent ones in their structure as
well as the most controversial ones in political a⁄airs. However, the concepts of richness,
polarisation and progression in taxation shall additionally be subject of this analysis, since
they appear to be useful devices on the course of analysing cause and e⁄ect of the other
two concepts.
Firstly, it appears reasonable to limit an analysis of distributional e⁄ects to incomes,
rather than applying it to total assets, primarily due to a better availability of data on in-
comes compared to data on total assets of people. Secondly, it appears necessary to de￿ne
an appropriate concept of income to apply an analysis to. Following a concept of economic
income, i.e. considering incomes as they have actually been generated on markets, yields a
concept of pre-government income. Thereby, the sum of earnings generated from indepen-
dent and dependent personal services, private assets as well as private transfers is called
the market income.2 Based on market incomes, post-government incomes in economic
1Microsimulation models on the quanti￿cation of distributional e⁄ects of tax reforms have ￿rstly been
applied by Orcutt (1957) and later on further developed by Orcutt et al. (1986). Cf. Gupta and
Kapur (2000) for an introduction to the ￿eld of microsimulation and Peichl (2005) for an overview of
the method of simulation to evaluate tax reforms.
2Employer contributions to compulsory health insurances, to compulsory long term care insurances, to
unemployment insurances, and to the statutory pension insurance provisions, are thereby added to
earnings from dependent personal services, since they are earned on markets as well and represent ￿rst
5terms are derived by taking governmental payments into consideration. On the one hand
income tax liabilities and social security contributions are deducted, and on the other
hand pensions from the statutory pension insurance as well as social transfers3 are added.
The resulting di⁄erence between market incomes and post-government incomes may be
interpreted as the result of governmental redistribution. However, it appears relevant to
take into account that income units in tax statistics usually represent incomes of more
than one person together, or they stem from a single person but are later on distributed
among multiple members of a household4, so that an analysis should allow for di⁄erences
in the income units￿needs, i.e. the population of income units is actually heterogeneous,
consisting of singles, couples and families. In general, so called equivalence scales re￿ ect
both, economies of scale in household size, and di⁄erences in household characteristics,
such as needs, location, age, number and age of children, and health. The most widely
applied concepts of equivalence scales exhibit simple scale parameters.5 E.g. the equiv-
alence scales from the OECD attach weights to household members in relation to their
age.6
Having de￿ned the proper units of assessment as well as the appropriate concept
of income, one is well equipped to analyse the distributional e⁄ects of ￿scal reforms.
In the course of this paper, several di⁄erent concepts to measure the impact of such
reforms on the income distribution are presented. The setup of the paper is organised
as follows: Chapter 2 opens up the distributional analysis with inequality as the ￿rst
one of the four distributional concepts to be analysed. Chapter 3 then follows with
governmental actions. Thus, the concept of market income denotes incomes prior to any governmental
payments, i.e. to say in other words, the amount of gross incomes employees signed a contract for.
3Social transfers denote child bene￿ts, child-rearing bene￿ts, education bene￿ts for students, unem-
ployment compensation, housing bene￿ts and social assistance bene￿ts, and regular, but not irregular,
supplementary grants.
4Tax units may denote incomes of couples in case they are assessed to the individual income tax by pair,
or they may denote incomes of whole households, in case the other members of the household attached
to the income recipient(s) of the tax unit considered do not gain any additional incomes on their own.
5The concepts of equivalence scales adapted by Buhmann et al. (1988) and Coulter et al. (1992) take
into account economies of scale that occur in household needs as equity-relevant non-income di⁄erences
between persons, in relation to disposable incomes of households. They distinguish household types
by their size, with s; s = 1;:::n denoting the number of persons per household. Then, households
are grouped by their size, so that ps follows as the population share of group s; with
Pn
s=1 ps = 1:
Unadjusted, disposable incomes are continuously distributed over [a;b] within each group, with density
function fs(X) and distribution function Fs(X): Coulter et al. (1992) de￿ne a simple equivalence scale
rate for household s as Ms = M(s;￿); with ￿ ￿ 0 denoting the scale relativity parameter and Ms being
an increasing function in s and in ￿; with M1 = 1: Thereby, scale relativities are de￿ned in relation to the
scale of a single-person household. The greater ￿; ceteris paribus, the greater is the scale rate, i.e. the
greater are the needs assumed for the multiple-person household relatively to a single-person household,
independently of income. It then results Y = X
Ms as the equivalent income for a person in group s; i.e.
unadjusted disposable household income divided by the equivalence scale rate of group s: This says that
a single-person household with income X enjoys the same standard of living as an s-person household
with income XMs: Buhmann et al. (1988) apply the similar approach Y = X
s￿ as equivalent income,
resulting in the interpretation of ￿; 0 ￿ ￿ ￿ 1; as an equivalence elasticity, with increasing economies of
scale of household size in decreasing ￿:
6As a follow-up of the primordial OECD scale, a new version of this scale, the modi￿ed OECD scale,
attaches 1.0 to the leader, 0.5 to further adults above the age of 15 and 0.3 to children below the age of
15.
6polarisation, whereupon chapter 5 subjects progression in taxation, and chapter 4 deals
with the measurement of poverty and richness. In these four chapters, various indices
of measurement are derived, compared to each other with respect to several aspects,
sensitivities are discussed, applications presented, and advantages as well as disadvantages
derived, so that results may be interpreted and the performance of indices evaluated.
Chapter 6 ￿nally concludes.
2 Measuring Inequality
After having identi￿ed an appropriate concept of income, one may apply analyses of var-
ious concepts of distributional e⁄ects. This section opens up with concepts of measuring
traditional inequality at a distribution scale of incomes. Firstly, various indices of inequal-
ity are introduced, grouped by indices of dispersion, indices based on information theory,
and normative indices. Then, these indices are compared to each other, with respect to
ful￿llment of fundamental axioms, with respect to sensitivity on the distribution scale,
and with respect to sensitivity to equivalence scales.
2.1 Descriptive Measures / Measures of Dispersion
In the following, the main descriptive indices of inequality applied in econometric analyses
are brie￿ y introduced. These indices may be grouped as descriptive indices or measures of
dispersion, since they only apply descriptive statistics in their calculus. The descriptive
indices to be introduced are namely: the Gini coe¢ cient, the relative mean deviation,
the coe¢ cient of variation, the logarithmic variance, the variance of the logarithms, the
Mehran index, and the Piesch index. All these indices are based on a general concept of
an index of inequality, presented in advance.
Let an income distribution for a homogeneous population consisting of n persons, with
n ￿ 2 be an equally distributed random variable X = (x1;x2;:::;xn); where xi ￿ 0 is the
income of individual i; i = 1;:::n: Further on, X denotes a variable that may either be
continuous or discrete and is de￿ned on the interval [a;b]; with a;b ￿ R: The vector X is an
element of Dn; the nonnegative orthant of the n-dimensional Euclidean space Rn without
the origin, and the set of all income distributions is D =
S
n￿N Dn: Further, let I : D ! R
be a continuous function, so that Im(X) ￿ In(Y ); with m; n ￿ N; X ￿ Dn and Y ￿ Dn:
Then, I(￿) is called an index of inequality. Thus, each sequence fIn : Dn ! Rngn￿N refers
to a di⁄erent population size n: In the case of a discrete variable, consider the ordered
values x1 ￿ x2 ￿ ::: ￿ xi ￿ ::: ￿ xn; or grouped values xk;with k = 1;:::m; for m ￿ n:7
Following Piesch (1975)8, a ￿rst index of dispersion may then be derived with the help of
7In case of X being continuous, f(x) denotes the density function of X, F(x) the corresponding strictly
monotonously increasing distribution function, and G[F(x)] = x the inverse distribution function de￿ned
on [0;1]. The continuous case is of further subject in the appendix.
8Cf. Piesch (1975), pp. 37-39.
7the concept of the Lorenz curve.
Firstly, cumulated absolute frequencies i are related to cumulated values si; i.e. si =
x1+:::+xi: Then, this summation function is standardized on [0;1]; and ￿nally cumulated
relative frequencies Fi are related to cumulated relative values Li : Fi = i
n ! Li =
si
n￿.



























n￿;8 i = 1;:::n:9 Since F(x) and L(x) are both distribution functions, the
Lorenz curve is de￿ned for the coordinate plane of the unit square, and always intersects
the origin (0;0) and the upper right corner of the unit square (1;1): Moreover, since
L(x) ￿ F(x); the Lorenz curve always runs beneath or at the straight diagonal of the
unit square, where L(x) = F(x). The Lorenz curve may be displayed as an increasing
convex frequency polygon of n pieces running from (0;0) to (1;1); indicating how many
percent of the sum of all values belong to the F-% smallest values of X:10 Considering the
area located between the Lorenz curve and the diagonal, the so called area of concentration
























(Li￿1 + Li) =
Pn
i=1 li
2i ￿ n ￿ 1
2n
displayed in ￿gure 2.1.
Moreover, relating the area of concentration to the area of the triangle beneath the
diagonal of the unit square, yields a ￿rst measure of dispersion for X being discrete11, the































In case of maximum inequality, IG
Gini corresponds to 1￿ 1
n; and in the case of all values
being equal, IG



















2i ￿ n ￿ 1
n ￿ 1
In case of maximum inequality, I￿
Gini corresponds to one, and in the case of all values
9The derivation of the Lorenz curve for the case of X being a continuous variable may be found in the
appendix.
10Cf. Piesch (1975), p. 42.























Source: Piesch (1975), p. 38.
Figure 2.1: The Gini Coe¢ cient for a Discrete Variable
being equal, I￿
Gini corresponds to zero.13
Although the Gini coe¢ cient became the probably most popular index of inequality
in the latest decades, it is by far not the only index that has been applied in studies
throughout literature, and it neither appears to be a perfectly appropriate index in all
settings of analysis. For example, the Gini coe¢ cient bears the drawback that it may
indicate the same value of inequality for two distinct distributions in the case of intersect-
ing Lorenz curves, since the Gini coe¢ cient is a measure of overall dispersion, whereas it
gives no information about dispersion in the upper or the lower level of the distribution.
Therefore, other measures of dispersion should be presented in the following that might
help solving this problem.
The most simple measure that considers the fact that values deviate from each other,
is the range. It calculates the maximum spread of the distribution, i.e. Range =
xmax ￿xmin: However, this measure takes only two values into consideration and neglects
everything that happens between them.14 In order to further elaborate the matter of
deviation, one may apply the relative mean deviation (RMD). The relative mean
deviation is a measure that does not relate each value of X to each other, like the Gini
coe¢ cient does, it rather relates the deviation of each value xi from the mean of the
distribution, denoted by x; to x itself. It follows
13Extentions of the Gini coe¢ cient, alternative derivations, as well as a derivation for the case of a
continuous variable can be found in the appendix.
14Cf. Cowell (1995), pp. 21-22.
9RMD =
Pn











￿ ￿ ￿ (2.2)
in case of a discrete variable X:15 RMD happens to correspond to the maximum deviation
of the Lorenz curve from the diagonal line of absolute equality. i.e. RMD = maxp￿(0;1)[p￿
L(p)]:16
As usually when measuring dispersion of any frequency distribution, one may simply








However, taking simply the variance as a measure of inequality yields the drawback that
the degree of inequality is absolute, neglecting the mean around which the values spread.
However, relating the variance to the mean of the distribution solves this problem and





















for X being discrete.17 Another way of solving the problem of scale-variance is to take
the logarithms of the values, i.e. log(xi) and relating them to the logarithm of the mean
income, i.e. log(x).18 The resulting measure of inequality is called the logarithmic











The LV AR is sometimes referred to as the standard deviation of the logarithms








16RMD is also referred to as the Schutz coe¢ cient or the Robin-Hood indicator, cf. Caminada and
Goudswaard (2001), Annex A. When normalized on the interval [0;1]; RMD is also called Kuznet￿ s













￿; cf. Schmid and Trede (1999), p. 42.




18One may also relate the log(xi) to log(xi); instead of log(x); i.e. take the mean of the logs, instead of
the log of the mean, which may lead to di⁄erent results.
19Cf. Cowell (1995), pp. 20-21 and 24-25.





















i=1 logxi; instead of the arithmetic mean x; the
logarithm of the mean of incomes becomes log(x￿): Measuring inequality then yields the










where it holds that LV AR￿V ARL = [log( x
x￿)]2 > 0:21 Another index which belongs to a







i(2n + 1 ￿ i)(xi ￿ ￿) (2.8)
Mehran (1976) also introduces a similar approach from the class of linear indices of in-






i(i ￿ 1)(xi ￿ ￿) (2.9)
2.2 Measures from Information Theory
Next to the group of indices of inequality that simply describe the distribution of a variable
with respect to dispersion, another group of indices is derived with the help of a concept
of probability of the occurrence of events that is based on information theory. Information
theory focuses on messages about the occurrence of a speci￿c event !i; out of the set ￿
of possible events, with P(f!ig) = pi denoting the probability that event !i will actually
occur,
Pn
i=1 pi = 1; i = 1;:::n: Before messages about the probability of occurrence come
in, one may measure the expected information content of a message:
E(p1;:::pn) =
Pn
i=1 pie(pi) = ￿
Pn
i=1 pi logpi
with e(pi) = log 1
pi = ￿logpi denoting the information content of a message. It is further
de￿ned: 0 ￿ E ￿ logn; with E = 0 if there is one i with pi = 1; and all other pj = 0 for
20The SDL measures inequality in case the variable may reasonably be assumed to have a lognormal
distribution, since then the log-values of the variable have a normal distribution, the geometric mean
is the median, the log geometric mean is the mean log, and the SDL measures dispersion. Only if the
presumption of the lognormal distribution is valid, it holds that: SDL =
p
ln(CV 2 + 1):
21Cf. Newson (2004), pp. 388-391 and Cowell (1995), pp. 20-21 and 24-25.
22Cf. Piesch (1975).
11j 6= i; i.e. minimum entropy, and E = 1 if pi = 1
n;8 i = 1;:::n; i.e. maximum entropy.23
In Theil (1967) the entropy concept is applied to the measurement of inequality. He
substitutes the probabilities pi by income proportions ai =
xi
nx: In order to make the
measure take its maximum value in case of maximum inequality, Theil (1967) subtracts
entropy from its maximum value. Thus, inequality is measured by logn ￿ E(a1;:::;an):
From this approach, he develops two measures: The ￿rst one corresponds to:
I
0



























for X being discrete. I0





















for X being discrete24. I1
Theil is also referred to as the MLD.25
In Shorrocks (1980) the entropy concept is also applied to measuring inequality. He
introduces a class of inequality measures that deal with the extent to which inequality in
the total population can be attributed to income di⁄erences between major population
subgroups. He develops a generalization of Theil￿ s approach of applying the entropy














c ￿ 1]; ￿ 1 < c < +1; c 6= 0;1 (2.12)
for X being discrete26. The constant c is a sensitivity parameter, which may also be
interpreted as a parameter of inequality aversion.27 In case of c = 0; the indices of the GE
family equal the MLD, i.e. I1
Theil; in case of c = 1; they equal the Theil index, i.e. I0
Theil;
and in case of c = 2; they equal half the squared coe¢ cient of variation, I2
GE = CV 2
2 . In
the case of c = ￿1; they are referred to as the GE index.
2.3 Normative Measures
Another group of indices of inequality is concerned with the concept of social welfare,
which is closely related to the concept of entropy in information theory. The welfare
analysis of distributional comparisons subjects individual preferences, uncertain prospects,
23Cf. Theil (1967), pp. 24-26 and Schmid and Trede (1999), p. 51.




x(F)dF(x); for X being continuous, and the




x(F))df(x); in this case.
25In case of xi = 0; Theil de￿nes I(xi = 0) = 0: Cf. Theil (1967), pp. 93-95 and Schmid and Trede (1999),
pp. 51-54.








27Cf. Shorrocks (1980), pp. 613-614 and 622.
12coherent utility functions, the formulation of riskiness, and the concept of risk aversion.
Thereby, social welfare functions build the link between welfare theory and inequality
measurement, as they become a function of the equity of an income distribution. With
the help of the concept of inequality aversion, it is assumed that social welfare increases the
more equal incomes are distributed. The ￿rst approach of combining these theories goes












with U0 > 0; U00 ￿ 0; i.e. U(xi) is twice continuously di⁄erentiable, a function of xi
only, increasing in xi and concave; moreover it is symmetric and additively separable in
individual incomes. Thus, U(xi) may denote social utility or a welfare index of xi; i.e.
the social utility which the level and the rank of income xi contributes to social welfare.
It results the average social welfare Ua; as a social welfare function. Ua is then compared
to the potential average social welfare that is achieved if all incomes are equal and equal










which yields Dalton￿ s Measure:
I
"











for " < 1:28
However, the most famous approach stems from Atkinson (1970)29, who further devel-
ops Dalton￿ s approach. He applies the Lorenz curve, in order to compare two distributions,





again with U0 > 0; U00 ￿ 0. He derives the result that one may judge on two distributions
with the same mean value without further specifying U(x); in the case that the Lorenz
curves of the two distributions do not intersect, i.e. one can always ￿nd two functions
that will rank the two distributions di⁄erently. Atkinson (1970) further concludes that
two distributions can be ranked independently of the utility function if one distribution
can be derived from the other by redistributing income from the richer to the poorer.30
To be further able to make a complete ranking of distributions and quantify the degree of
28Cf. Dalton (1920) and Cowell (1995), pp. 46-47.
29Cf. Atkinson (1970), pp. 245-258.
30This result goes back to the fundamental Pigou-Dalton transfer principle, which is introduced later on.
It demands that if the amount of money d from a person with income x1 is transfered to a person with
income x2, in case x2 ￿ x1 ￿d; the new distribution should always be preferred. For further derivation
of the Pigou-Dalton transfer principle, see also the appendix.
13inequality, Atkinson speci￿es U(x) up to a monotonic linear transformation. He introduces
a measure of inequality that is invariant with respect to linear transformations using the
concept of the equally distributed equivalent level of income, xEDE: That is the level of
income per capita that is equally distributed among all individuals and at the same time






A measure of inequality would then denote: IEDE = 1￿
xEDE
￿ ; with 0 ￿ IEDE ￿ 1; where
IEDE = 0 if incomes are distributed completely equally, i.e. xEDE = ￿; and IEDE = 1 if
incomes are distributed completely unequally, i.e. xEDE = 0: Thereby, inequality increases
as IEDE increases in xEDE; i.e. @I
@xEDE = ￿ 1
￿: Thus, with increasing xEDE everybody
exhibits a higher equally distributed income.31
Atkinson (1970) further speci￿es the social utility function U(x) with respect to the
type of inequality aversion that characterizes the society. He proposes that people may
feel more concerned about inequality with a rising average level of incomes, resulting in
increasing relative inequality aversion in case of proportional additions to all incomes,
and in an increasing IEDE. If this is the case, the measure IEDE may only be interpreted
with reference to ￿: Moreover he considers absolute equal additions ￿a to all incomes,
which leads to absolute inequality-aversion, based on the development of the equally
distributed equivalent income with respect to absolute changes in all income,
@xEDE
@￿a .
Absolute inequality aversion increases if
@xEDE
@￿a < 1; it remains constant if
@xEDE
@￿a = 1;
and it decreases if
@xEDE
@￿a > 1: Atkinson (1970) further derives the result that IEDE may
actually decrease, i.e. inequality decreases, with equal absolute additions to all incomes,
even in case of increasing absolute inequality aversion. He ￿nally adjusts the index IEDE;
in order to give the equally distributed equivalent income the property of invariance













1￿"; " ￿ 0; " 6= 1 (2.14)
for X being discrete32. The parameter " stands for the degree of inequality aversion,
i.e. the relative sensitivity to transfers at di⁄erent income levels. With " increasing, more
signi￿cance - concerning the degree of inequality - is attached to transfers at the lower end
of the distribution scale and less signi￿cance to transfers at the top. As " ￿ 0; in the case
of " = 0 the utility function becomes linear and distributions are ranked solely according
to total income, whereas in the case " ! 1; U(x) is not strictly concave, taking account
31One may also interpret xEDE
￿ as percentage of the present national income that it costs the society to
achieve - at equally distributed incomes - the same level of social welfare as is achieved at the present
distribution, providing further implications for redistribution of incomes.
32For X being continuous, the Atkinson index denotes: I"







14only of transfers at the lowest income group. If 0 < " < 1; I"









for " 6= 133, as it follows from equation 2.13 together with equation 2.14.34 Moreover, for
" = 1 ￿ c; it follows with equation 2.12 that I"
A is also ordinally equivalent to the indices








The Atkinson index may therefore be interpreted as another special case of the GE fam-
ily.35
2.4 Comparison of Indices
Before applying indices of inequality to the distributional analysis of a data set, one
should compare them with respect to various characteristics, in order to point out speci￿c
advantages as well as weaknesses, di⁄erences as well as similarities, and thus assure an
appropriate interpretation of their results.
2.4.1 Ful￿llment of Axioms and Principles
In order to make their results comparable to each other, one may demand an index of
inequality to ful￿ll several basic axioms and principles, some of which have already been
mentioned36: an index of inequality ful￿lls the axiom of monotonicity if it indicates in-
creasing inequality in case of a reduction in a low-level income and in case of an increase
in a high-level income. The axiom of normalization demands the range of values of an
index to be limited to [0;1]: An index is translation invariant if inequality remains un-
changed in turn of absolute as well as proportional translations to all incomes. The axiom
of symmetry is ful￿lled if inequality remains unchanged at any reordering of incomes, and
the population principle demands that inequality remains unchanged if the population is
replicated. An index is called additively decomposable if overall inequality may be de-
composed into the sum of between-group inequality and within-group inequality, with the
latter term being a weighted sum of the sub-group inequality values. The Pigou-Dalton
transfer principle demands that a progressive transfer, i.e. a transfer from a richer to
a poorer person that does not alter the relative ranks of the two, must always decrease
33In case of " = 1; it is de￿ned I"






i ; which is also known to be the Champernowne
measure of inequality. Cf. Chakravarty (1988), p. 152 and Luethi (1981), p. 50.
34Cf. Luethi (1981), pp. 51-52, Cowell (1995), pp. 46-47, and Dalton (1920).
35However, whether Ic
GE and I"
A are also cardinally equivalent, depends on the underlying social welfare
functions. Cf. Cowell (2000), pp. 115 and 119.
36A methodological derivation of these axioms and principles as well as the derivation of the Lorenz
dominance and the generalized Lorenz dominance criterion can be found in the appendix.
15Index Axioms and Principles
Nota- Mono- Normali- Transl. Sym- Popu- Decom- Trans- Dimin.
tion tonicity zation Inv. metry lation posabil. fer P. Ret.
IG
Gini yes on [0;1] yes yes yes no yes no
RMD yes on [0;2] yes yes yes no no no
V AR yes no no yes yes yes yes yes
CV yes no yes yes yes yes yes no
LV AR yes no yes yes yes no no no
V ARL yes no yes yes yes no no no
MLD yes no yes yes yes yes yes yes
I0
Theil yes no yes yes yes yes yes yes
I
￿1
GE yes no yes yes yes yes yes yes
I"
D yes no no yes yes yes yes no
I"
A yes on [0;1] yes yes yes yes yes no
Table 2.1: Indices of Inequality - Ful￿llment of Axioms and Principles
the degree of inequality, whereas a regressive transfer, i.e. a transfer from a poor to a
richer person preserving relative ranks, must always increase the degree of inequality. An
extension of this transfer principle - the principle of diminishing returns - assigns greater
signi￿cance to a progressive transfer between two individuals with a given di⁄erence in
incomes, if these incomes are low than if they are high, i.e. the magnitude of decrease in
inequality is greater the lower are the incomes. The principle of positional transfer sen-
sitivity demands that a transfer from any income to a lower one, with a ￿xed proportion
of all incomes lying between these two, must have more signi￿cance at the lower end of
the distribution scale than at the higher end.37 The detailed performance of the various
indices at ful￿llment of these axioms may be found in the appendix. The results are only
brie￿ y summarized in table 2.1.
2.4.2 Sensitivity on the Distribution Scale
Due to an application of di⁄erent underlying mathematical formulas, the various indices of
inequality introduced so far vary greatly with respect to sensitivity to transfers along the
distribution scale, even more than they vary with respect to ful￿llment of axioms. While
the results of some indices are relatively more sensitive to shifts among lower incomes, the
results of other indices are relatively more sensitive to shifts among mid-level or high-level
incomes. The indices of inequality are compared to each other with respect to this feature
in the following.
The Gini coe¢ cient is more sensitive in the lower levels of the income scale than
in the higher levels, however it attaches the most weight to transfers among incomes in
the middle of the scale. Thus it is most sensitive to transfers among mid-level incomes
and generally in cases where values lie close to each other, and especially, in such cases it
is highly sensitive compared to other indices. Similarly, the relative mean deviation,
especially 1
2RMD, is highly sensitive around the arithmetic mean income and relatively
insensitive everywhere else. The coe¢ cient of variation is more than average sensitive
37Cf. Dalton (1920), p. 351, Chakravarty and Muliere (2004a), pp. 8-12, and Kolm (1976), pp. 87-88.
16among mid-level incomes and extremely sensitive to transfers in the highest level of the
distribution scale, so that transfers of changes among the top 0.1% incomes often dominate
the CV . The CV appears to be appropriate for the evaluation of transfers among mid-
level incomes and especially the top of the income scale. The Piesch index is also
relatively more sensitive to transfers among high incomes. However, the logarithmic
variance and the variance of the logarithms are highly sensitive among low incomes,
and they are more sensitive among mid-level incomes than the CV , I0
Theil, and IG
Gini.
Since it usually violates the Pigou-Dalton transfer principle in the upper level of the
scale, the LV AR appears to be only adequate for partial analyses in the middle and lower
levels. The sensitivity of the indices of the GE family as well as the Atkinson
index varies according to the value of their sensitivity parameters c and ". For large
absolute values of c, Ic
GE becomes more sensitive to variations in the tails of the distribu-
tion, speci￿cally more sensitive in the upper scale for large positive values of c and more
sensitive in the lower scale for large negative values of c. Thus, the mean logarithmic
deviation is relatively more sensitive in the center, but also towards lower levels, while
the Theil index is relatively medium-sensitive in mid- and low-levels and more than av-
erage sensitive in high-levels of the scale, but never as sensitive as the CV is in the highest
levels.38 Moreover, the GE index is relatively more sensitive in the lower levels, and CV 2
2
is relatively more sensitive in the upper levels. Generally, I"
A and I"
D are equally sensitive,
especially equally sensitive as I0
Theil for " ! 0; whereas for increasing " they become more
sensitive in the low-levels and less sensitive in the high-levels.39 Table 2.2 summarizes the
most important indices of inequality and their sensitivity on the distribution scale.
38This result is mainly based on Luethi (1981), while others certify the mean logarithmic deviation only
more sensitivity in the lower-levels and the Theil index also more sensitivity in the lower-levels of
the scale. It should though be noted that sensitivities of indices of inequality to transfers along the
distribution scale may vary with respect to the underlying distribution of the income variable, as Luethi
(1981) shows for the uniform distribution, the lognormal distribution, and the Pareto distribution.
39Cf. Atkinson (1970), pp. 255-257, Chakravarty (1988), p. 147, Luethi (1981), pp. 28-29 and 91-95,
Buhmann et al. (1988), p. 125, and Champernowne (1974), p. 805.
17Index Sensitivity on the
Name Notation Formula Distribution Scale















Variance V AR 1
n
Pn
i=1(xi ￿ x)2 highest level







x ￿ 1)2 highest level


































xi ￿ 1] low-level
Dalton index I"




1￿"x1￿" high to low-level
Atkinson index I"







1￿" high to low-level
Table 2.2: Indices of Inequality - Notation and Sensitivity on the Distribution Scale
2.4.3 Conclusion
All in all, when concluding on this whole chapter, the following most relevant di⁄erences
between the indices of inequality derived so far shall brie￿ y be summarized: it appears that
the results of indices of inequality in empirical applications should be analysed with respect
to relative changes in di⁄erences of the degree of inequality measured, rather than with
respect to absolute values, since many indices are not normalized on [0;1]: Moreover, most
indices are sensitive at di⁄erent ranges of the distribution scale, so that they implicitly
measure di⁄erent features of inequality at the same data set, and thus compute di⁄erent
absolute degrees of inequality, in case transfers are not distributed perfectly equal along
the distribution scale. However, if one accounts for these di⁄erences in sensitivity with
respect to the distribution scale, relative changes in di⁄erences in the absolute values of
measures may be compared to each other, and cautious conclusions on the magnitude of
changes in the degree of inequality may drawn. Moreover, adjustments for equivalence
scales may be undertaken without any drawbacks, since indices of inequality then display
which range on the distribution scale is mostly a⁄ected by such adjustments, if one again
controls for the sensitivity of the indices with respect to transfers along the distribution
scale.
183 Measuring Polarisation
The concept of polarisation has not been analyzed for long time yet in literature, since
one has rather focused on inequality. Although inequality at an income distribution is
generally reduced by income taxation systems, there may often be observed a development
of two increasing peaks at the tails of distributions that move away from each other,
creating a growing gap around the mean income. Such developments may lead to a social
division into two groups, the very rich and the very poor, and are in recent literature
referred to as polarisation of the income distribution. This section closely follows Schmidt
(2004), since it is one of the latest extensive works on the measurement of polarisation and
on the relation between polarisation, taxation and inequality.40 Measures of polarisation
may be grouped into two categories, i.e. measures based on axioms, and measures based
on the concept of ￿ the declining middle class￿ , introduced in the following.
3.1 Measures Based on Axioms
Following Schmidt (2004), the most simple and obvious indices of polarisation are also
applied in various approaches of analysing inequality, in order to point out distances
between certain ranges of the distribution scale. Such ratios apply the quantile function,
denoted by
Q(F;q) = minfx j F(x) ￿ qg = xq
at two distinct points of the distribution scale and compute the ratio of the values of
Q(F;q) at these points. Quantile ratios may be interpreted as the factor with that the
incomes in the lower quantile in consideration need to be multiplied, in order to lift them
up to the higher quantile, thus indicating a proportional gap between these quantiles.
Speci￿cally, mostly applied quantile-ratios are the 0.75/0.25-quantile ratio, also known














with Q(F;q) denoting the q-quantile. Two more of such ratios tell more about the absolute
di⁄erences between all incomes in an upper quantile and all incomes in a lower quantile, in








40Cf. Schmidt (2004), pp. 5-41, 59-65, and 70-74.







One class of measures of polarisation is called the class of measures based on axioms,
since indices in this class ful￿ll axioms that are similar to the axioms derived for indices
of inequality.41 All indices of this group are originally based on the fundamental Esteban-
Ray index of income polarisation, derived by Esteban and Ray (1994). Following them, let
x1;:::;xn be values of a ￿rst variable, e.g. income X; that may be grouped into K disjoint
groups according to a second variable, e.g. profession Y; with x = (x1;:::;xK)0 denoting
the vector of mean incomes of the K groups, while xi 6= xj 8 i; j; i.e. mean incomes
of two groups may never be equal. The vector of the K groups￿fractions of the overall
population is denoted by w = (w1;:::wK)0: Based on this categorization, Esteban and
Ray (1994) characterize polarisation by the simultaneous occurrence of as well su¢ ciently
large groups, denoting intra-group homogeneity as inter-group heterogeneity.
In a behavioural-economic model, intra-group homogeneity is applied by an identi￿ca-
tion function, I : RK
+ ! RK
+; w ! w￿ = (w￿
1;:::w￿
K)0: Thereby, intra-group homogeneity
increases in the degree of identi￿cation with people in the same group, which in turn
increases in the number of people with the same income in this group and with decreas-
ing di⁄erences between the incomes in the same group. Polarisation in turn increases in
increasing intra-group homogeneity. Thereby, ￿ is a parameter of polarisation sensitiv-
ity, with 1 ￿ ￿ ￿ 1:6.42 Inter-group heterogeneity, however, is applied by an alienation




+ ; X !
￿ ￿ ￿X ￿ X
0￿ ￿ ￿; where alienation increases in increasing
absolute di⁄erences between the mean incomes of the K groups. Polarisation in turn
increases in increasing alienation. As a result, polarisation increases the more people
with equal incomes belong to the same group and the greater are the di⁄erences between
mean incomes of the groups. Based on this behavioural-economic model, Esteban and









￿ ￿ ￿X ￿ X
0￿ ￿ ￿w (3.5)
with ; ￿ ￿ [1;1:6] and x = 1
n
Pn
i=1 xi: It bears the advantages that it is based on a model
approach with two speci￿c partial functions, and that the di⁄erences compared to the
measurement of inequality are revealed by a parameter of polarisation. Disadvantages of
the index are the presumed a priori categorization into groups by a second variable and
its representation by the groups￿mean incomes, as well as the lack of representation of
41These axioms are the monotonicity axiom, the normalization axiom, the axiom of translation invariance,
the symmetry axiom, the population principle, and the additive decomposability axiom. It should be
noted that the Pigou-Dalton transfer principle is in its original version, as introduced at indices of
inequality, not valid for the measurement of polarisation.
42The greater ￿, the greater is the di⁄erence between polarisation and inequality measured, whereat
￿ = 0 yields IG
Gini.
20deviation of incomes from the mean income within groups when regarding intra-group ho-
mogeneity, thereby overestimating polarisation. Moreover, the maximum value of PO￿
ER
characterizes maximum inequality, instead of maximum polarisation. Nevertheless, the
Esteban-Ray index is regarded one of the pioneer measures of polarisation.
In Esteban et al. (1999) PO￿
ER is expanded by a term that considers intra-group
inhomogeneity, a factor that is neglected by PO￿
ER. This additional term may be ex-
pressed by the di⁄erence between the Gini coe¢ cient of the non-grouped income distrib-
ution and the Gini coe¢ cient between the groups. The resulting Esteban-Grad￿n-Ray






















Gini denotes the overall Gini coe¢ cient, as de￿ned in equation 2.1, I
G;B
Gini denotes
the Gini coe¢ cient between the groups, I
G;W
Gini denotes the Gini coe¢ cient within the
groups, and PO￿
ER is de￿ned in equation 3.5. In order to minimize inequality within the
groups, a statistic optimization tool allocates the incomes to the groups, thereby however

















EGR bears the following advantages: Firstly, the optimization tool makes it
possible to measure polarisation independently of a second variable, and secondly, PO￿
EGR
additionally considers intra-group inhomogeneity. However, the generation of groups by
an optimization tool contradicts the concept of identi￿cation in the behavioural-economic
model of PO￿
ER: Moreover, this tool becomes complex for more than two groups, and
it is left to open question according to which criterion the groups should be generated.
Finally, similar to PO￿
ER; the maximum value of PO￿
EGR is characterized by maximum
inequality, rather than maximum polarisation.
In Gradin (2000) PO￿
EGR is expanded by decomposing the overall population into
partitions of subpopulations, thereby on the one hand yielding maximum polarisation
in the overall population and on the other hand optimally describing a given degree of
polarisation measured by PO￿
EGR: He builds subgroups according to a second variable,
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Gini ￿ 1) (3.7)
with I
G;B;Sek
Gini denoting the Gini coe¢ cient between the groups that have been generated
21according to a second variable, whereat this decomposition follows the idea of ￿nding the
variable with maximum explained polarisation. This in turn is one of PO￿
GRA￿ s advantages,
next to the application of a correction term, I
G;B;Sec
Gini ; that is economically reasonable,
since it is based on a secondary variable. It remains again the same disadvantage, that
PO￿
GRA with its maximum value characterizes maximum inequality, instead of maximum
polarisation.
In D￿ Ambrosio (2001) on the one hand counterfactual kernel density estimates and
on the other hand multiple secondary variables next to the primary variable income are
applied, in order to di⁄erentiate within-group e⁄ects - the secondary variables held con-
stant - from between-group e⁄ects. He then switches the secondary variable and thereby
extracts its e⁄ects on overall income polarisation. He extends PO￿
ER by substituting the
absolute distance between income means by the matrix of Kolmogorov￿ s distances when






with Kol denoting the matrix of Kolmogorov￿ s distances43. PO￿
DAM bears the advan-
tage that by decomposing the population non-parametrically with multiple secondary
variables, speci￿c factors and e⁄ects of polarisation may be identi￿ed and analysed sep-
arately. However, PO￿
DAM bears the drawbacks that the estimators for estimating the
coe¢ cient of overlapping, i.e. 1 ￿ Kol = OLVkl; possess a substantial bias, and that
estimating the asymptotic distribution as well as the standard error of PO￿
DAM is rather
complex.
In Duclos et al. (2004) also the Esteban-Ray approach is expanded applying axioms
for continuous distributions, while PO￿
ER is only valid for discrete distributions. They
also apply non-parametrical kernel density estimates, in order to solve the problems of
PO￿
ER and apply a behavioural-economic model. Identi￿cation of income x is denoted
by the density function f(x) and alienation is measured relatively to other incomes y; as







1+￿f(y)jx ￿ yjdxdy; ￿ ￿ [0:25;1] (3.9)
With I =
R
f(x)￿+1dx denoting average identi￿cation and V =
R R
jx ￿ yjdF(x)dF(y)











5 as the matrix of Kolmogorov￿ s




￿1 jfk(x) ￿ fl(x)jdx = 1 ￿ Kolkl:
22denoting average alienation, PO￿
DER may be written as:
PO
￿
DER = IV (1 + ￿) = IV (1 +
Cov[I(X);V (X)]
IV
) = IV + Cov[I(X);V (X)] (3.10)
with Cov[I(X);V (X)] denoting the covariance between identi￿cation and alienation.
PO￿
DER bears the advantages that it is based on a behavioural-economic model, and that
it is de￿ned for continuous distributions. Moreover, the interaction between identi￿cation
and alienation may be identi￿ed by the covariance, and instead of de￿ning groups, iden-
ti￿cation is derived by non-parametric kernel density estimation. Disadvantages are that
PO￿
DER is not invariant towards variations in the population, and its maximum value does
characterize neither maximum polarisation nor maximum inequality. The kernel density
estimation is rather complex, and PO￿
DER is rather ambiguous in ￿ : while it decreases
for ￿ = 0:25; it increases for ￿ = 1: However, it may be considered the most elaborate
polarisation index based on axioms that is presented here.44
3.2 Measures and the Declining Middle Class
The concept of ￿ the declining middle class￿more closely enlightens the di⁄erences be-
tween measuring inequality and measuring polarisation. While at the measurement of
inequality the Pigou-Dalton transfer principle demands that a progressive transfer must
always decrease inequality and a regressive transfer must always increase inequality, at
the measurement of polarisation this principle is not valid. In order to derive this result,
let income X be uniformly distributed on [0;1]; and make two progressive transfers that
do not cross the median, with one above and one beneath the median. The graph of
f(x) clearly possesses two peaks then, i.e. f(x) turned bimodal, thus polarisation clearly
increases, while inequality decreases according to the Pigou-Dalton transfer principle.
Thus, this principle is not valid for the measurement of polarisation. When focusing on
￿ the declining middle class￿ , the following indices of polarisation highlight two matters
characterizing polarisation, i.e. bimodality and spreadoutness. The ￿rst one character-
izes a distribution with one mode above and one mode below the median income, while
the latter one simply denotes deviation from the median income.
In Wolfson (1994) and Wolfson (1997) two polarisation curves are derived, in order to
measure polarisation in the shade of the concept of ￿ the declining middle class￿ . Based
on the empirical quantile function, they apply one major di⁄erence to the derivation
of the Lorenz curve: the values are standardized by the median income m, instead of
the mean income ￿, yielding the empirical quantile function of the median-standardized
incomes. This curve lies beneath the abscissa for values below the population fraction of
50% and above the abscissa for all values above 50%. Then mirroring the negative part of
the empirical quantile function at the abscissa, yields Wolfson￿ s ￿rst polarisation curve,
displaying the deviation of the population fractions from the median income, which is
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Source: Schmidt (2004), p. 61.
Figure 3.1: Derivation of Polarisation Curves
the central benchmark in the concept of ￿ the declining middle class￿ . Integrating the ￿rst
polarisation curve in turn yields the second polarisation curve, which maps the cumulated
deviations of the incomes from the median income. Figure 3.1 pictures the derivation of
the polarisation curves.
Wolfson￿ s index of polarisation, the Wolfson index, corresponds to four times the











2) denoting the Lorenz curve at the 0:5-percentile, and IG
Gini denoting the over-
all Gini coe¢ cient.45 POWOL bears the advantages that it links the measurement of
45This equation holds, since the ordinate of the second polarisation curve may be restandardized with
m
￿ ; yielding the ordinate-scale of the Lorenz curve, and then the abszissa may be shifted to ￿t the
[1:0;1:0]-plane diagonally, resulting in the Lorenz curve.
24polarisation with the measurement of inequality in terms of the Lorenz curve, and that
polarisation may be derived easily by the median tangent on the Lorenz curve, at the
same time highlighting the di⁄erences to measuring inequality. Moreover, no groups need
to be formed beforehand. POWOL bears the disadvantages that it is highly sensitive to
the de￿nition of the median income, especially in the case of few values, and it is not
normalized on [0;1]; rather it may take very high values in case of high inequality, when
￿
m is very high.
In Wang and Tsui (2000) the approach of Wolfson (1994) is applied, characterizing
polarisation by an increasing spread and by increasing bimodality. With the help of two









￿ ￿ ￿ ￿
xi ￿ m
m
￿ ￿ ￿ ￿
r
; r ￿ [0;1] (3.12)
m denoting the median income and xi denoting the increasingly ranked incomes. POr
WTS
thereby measures the weighted relative deviation from the median income. Thus, POr
WTS
is easily calculated and bears room for interpretation. Drawbacks include the fact that
POr
WTS is highly sensitive to m, which thus needs to be clearly de￿ned. POr
WTS is
neither de￿ned for maximum polarisation nor for m = 0: In some cases, POr
WTS yields
contradicting results about an increase and a decrease in polarisation, and it takes values
greater than one in case of high inequality.
In Rodriguez and Salas (2002) it is shown that the Wolfson index may be expressed






































POWOL thereby measures the di⁄erence between inequality within the groups and
inequality between the groups. Further applying an extended Gini coe¢ cient,
I
G;ext












Gini ; v ￿ [2;3] (3.13)
corresponding to the second polarisation curve by Wolfson (1997), with I
G;B(v)
Gini denoting
the Gini coe¢ cient for between-group and I
G;W(v)
Gini the one for within-group inequality.
For v = 2; POv
ROS equals IG
Gini: An advantage of POv
ROS is its result about the counter-
acting e⁄ects of as well I
G;B(v)
Gini , i.e. increasing polarisation, as of I
G;W(v)
Gini , i.e. decreasing
25polarisation. Nevertheless, POv
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Table 3.1: Indices of Polarisation - Notation and Formulas
In Schmidt (2004) POWOL is modi￿ed, in order to solve for its drawbacks, i.e. non-
de￿nition in case of a median income of m = 0; very high values in case that the median
is much smaller than the mean, and contradictory values in certain cases of progressive




























WOL bears the advantages that it solves for all the drawbacks of POWOL: But, since
it equals twice PO1










it bears all of PO￿
EGR￿ s disadvantages as well.46 Table 3.1 summarizes the indices of
polarisation presented in this chapter.
46Moreover, Schmidt (2004) develops an own index of polarisation, based on the concept by Esteban
and Ray (1994), that builds a direct link between the measurement of polarisation and inequality by
deriving an index that is analogous to IG
Gini and a curve that is analogous to the Lorenz curve. In
addition his index is said to solve many of the other indices￿problems. It should however not be of
further subject in this analysis. Cf. Schmidt (2004), pp. 33-41 and 59-65.
264 Measuring Progression in Taxation
Many taxation systems follow the principle of progression, in order to redistribute incomes
compared to the primordial distributions resulting from the power of markets. The idea
behind redistribution is to use progression in taxation as a political device, in order to
reduce the degree of inequality in an income distribution.47 In this chapter, the concept of
progression in taxation is introduced. Firstly, basic de￿nitions and concepts are explained,
whereupon local progression is di⁄erentiated from e⁄ective progression. Secondly, various
indices of as well disproportionality as also redistribution are presented.
4.1 De￿nitions and Concepts
The fact whether a tax schedule is regarded progressive or not, is determined by as well
the tax base as also the tax rate. According to taxation theory, income tax progression is
generally characterized by an increasing average tax rate in percentage of income as income
increases, i.e. the higher the income, the greater the share of this income that is paid
for taxes. Thereby, progressive income taxation is accompanied by two e⁄ects, referred
to as the redistributive e⁄ect on the one hand and disproportionality, also interpreted as
deviation from proportionality, on the other.
Following Lambert (2001) and Schmidt (2004), let x be the income of a taxpayer and
the twice di⁄erentiable function t(x) denote the income tax schedule or tax liability, with





> 0;8 x > 0





￿ 0;8 x > 0






















47In the following, it is presumed that tax liabilities are solely income-determined, i.e. other social non-
income factors such as marital status, age and home-ownership are being neglected for the sake of
simplicity.





> 0 ) m(x) > a(x);8 x
i.e. the marginal tax rate lies everywhere above the average tax rate, for then they are
both increasing and result in a strictly progressive tax system.
Let moreover x0 denote an absolute amount of income that is exempted from taxation
for political reasons. Such a tax exemption then furthermore di⁄erentiates direct progres-
sion, where there is no exemption granted, from indirect progression, exhibiting a positive







which in this case secures the progressive e⁄ect, whereas indirect progression is charac-
terized by a constant marginal tax rate, i.e. t00(x) = 0; so that progressive e⁄ects result
from the tax exemption only.48
The concept of indirect progression is the basis for the so called ￿ at tax rate. Following
Schmidt (2004), a ￿at tax rate may be de￿ned by 1.) the tax liability:
t(x) = maxfm(x ￿ b);0g
with b > 0 denoting the tax exemption, 0 ￿ m ￿ 1 denoting the constant marginal tax










x if x ￿ b
0 if x < b
(4.3)
However, both types of progression, direct and indirect, exhibit an increasing average tax
rate, so that they both possess progressive e⁄ects on the income distribution.49
A concept that is closely linked to progressivity is the concept of redistribution. The
overall e⁄ects of redistribution of a tax system may be decomposed into two sube⁄ects, the
vertical equity (VE) e⁄ect and the reranking (RR) e⁄ect. While the concept of horizontal
equity demands an equal tax treatment of taxpayers in identical circumstances, e.g. iden-
tical incomes, the concept of VE calls for an appropriate unequal treatment of unequals,
i.e. unequal abilities of earning income, thereby enhancing redistribution.50 However, if
48Cf. Lambert (2001), pp. 174-175, 187-189, and 196.
49In the case of a constant marginal tax rate and a positive absolute tax exemption, the average tax rate
still increases, since the tax exemption￿ s share of the total income declines in increasing income. Cf.
Schmidt (2004), pp. 102-104.
50The ability-to-pay principle follows the concept of vertical equity when demanding a tax system to
equalize everbody￿ s loss in utility of income. Assuming a common increasing, twice di⁄erentiable and
concave utility-of-income function U(x); 8 x > 0; this concept of equal loss in utility for all, i.e.
U(x)￿U[x￿t(x)] = u0; u0 denoting an equal absolute reduction in utility, calls for progressive income
taxation, rather than a proportional one, cf. Lambert (2001), pp. 174-175 and 183.
28there appears reranking of incomes through taxation the net e⁄ect of redistribution of a
tax system is counteracted. Thus,
LX￿T(p) ￿ LX(p) = CX￿T(p) ￿ LX(p) ￿ [CX￿T(p) ￿ LX￿T(p)] = V E ￿ RR
i.e. redistribution expressed by the di⁄erence between the pre-tax and the post-tax Lorenz
curves may be decomposed into the sube⁄ect of VE and RR. The concept of horizontal in-
equity is closely linked to the e⁄ect of RR: RR of incomes by taxation is a necessary and at
the same time su¢ cient condition for horizontal inequity. An index of horizontal inequity
based on this concept will be introduced later on among the indices of redistribution.
It follows for the construction of an inequality-reducing progressive income tax system
that such a system may demand all taxpayers to pay the same share of their income as
taxes and still reduce inequality, i.e. implement a ￿ at tax rate with a constant marginal
tax rate, as long as there is a tax exemption granted at an appropriate level, i.e. an
increasing average tax rate is guaranteed, in order to account for progressive e⁄ects.
4.2 Local versus E⁄ective Progression
Further following Lambert (2001) and Schmidt (2004), so called measures of structural
progression, also called local progression, measure the degree of income tax progression
along the income scale, whereas so called measures of e⁄ective progression rather measure
the degree of overall progression in a tax schedule￿ s e⁄ects, given in a scalar index number.
As shown above, for strict progression it must hold that m(x) > a(x): Thus, a ￿rst













PGAV serves as a basis for two more important indices of local progression that measure
the excess of the marginal tax rate over the average tax rate at income level x: The ￿rst
one measures liability progression, de￿ned as the elasticity of tax liability to pre-tax
income at any x, with t(x) > 0:









For a strictly liability progressive income tax system, it holds that




i.e. a one per cent increase in pre-tax income leads to an increase in tax liability of more
than one per cent. The second index measures residual progression, de￿ned at any x as
29the elasticity of post-tax income to pre-tax income:









It indicates by which percentage the post-tax income increases if the pre-tax income
increases by one per percent. For a residual progressive tax system it holds that 0 <
1￿m(x)
1￿a(x) < 1; i.e. the post-tax income increases by less than one per cent if the pre-tax
income increases by one per cent. Moreover the degree of residual progression clearly









so that it holds that the degree of residual progression increases with increasing PG￿
RP:
Another index of local progression equals the second derivative of the average tax











with PGAV 2 > 0 indicating accelerated progression, PGAV 2 = 0 indicating constant
progression, and PGAV 2 < 0 indicating decelerated progression. For a ￿ at tax rate, it




x2 if x ￿ b






if x ￿ b






if x ￿ b
1 if x < b
and PGAV 2(x) =
(
￿2mb
x3 if x ￿ b
0 if x < b
Musgrave, Thin (1948) introduce an index of e⁄ective progression which is independent











X denotes the Gini coe¢ cient of the pre-tax income distribution, and IGini
X￿T
denotes the Gini coe¢ cient of the post-tax income distribution. Thereby, IGini
X and IGini
X￿T
are derived by simply applying IG
Gini as de￿ned in equation 2.1 to pre-tax incomes, as well
as to post-tax incomes, respectively.
304.3 Indices of Disproportionality
This section introduces indices that are built on the concept of progressivity, which focuses
on diversion from proportionality, based on Kakwani (1977)￿ s de￿nition of progressivity
as disproportionality. Thereby, a taxation schedule exhibits disproportionate e⁄ects if
tax liabilities are not levied proportionately to incomes.51 Such e⁄ects from progressive
taxation may be shown again by applying the concept of the Lorenz curve. Next to tax
liability t(x); let F(x) denote the distribution function of pre-tax incomes and f(x) be its











; g > 0 (4.10)
may denote the overall average tax rate or total tax ratio, with n denoting the number





















; 0 ￿ p ￿ 1 (4.13)
The di⁄erence [LX(p)￿LT(p)] may be interpreted as the fraction of the total tax burden
shifted from low incomes, i.e. the bottom 100p per cent, to high incomes, i.e. the top
100(1 ￿ p) per cent, by progression in the tax schedule. An index of disproportionality




[LX(p) ￿ LT(p)]dp (4.14)
51Cf. Kakwani (1977).
52Precisely, LX￿T(p) and LT(p) are concentration curves cumulating shares by rank. If assumed that
no reranking occurs by taxation, they may be regarded as Lorenz curves, as Lambert (1994), p. 23
concludes.
31Applying an extended Gini coe¢ cient of the pre-tax income distribution
I
Gini;ext
X (v) = 1 ￿ v(v ￿ 1)
R 1
0 (1 ￿ p)
v￿2Lx(p)dp
and an extended concentration coe¢ cient for tax liabilities
C
ext
T (v) = 1 ￿ v(v ￿ 1)
R 1
0 (1 ￿ p)
v￿2LT(p)dp
an extension of PGKAK can be derived as
PG
ext
KAK(v) = v(v ￿ 1)
R 1
0 (1 ￿ p)
v￿2[LX(p) ￿ LT(p)]dp = CT(v) ￿ I
Gini;ext
X (v) (4.15)
which focuses more on disproportionality towards the lower end of the income scale as v
increases. Both, PGKAK and PGext
KAK; increase if liability progression of an income tax
increases at an unchanged pre-tax income distribution. Thus, they satisfy a consistency
property, which states that at a given pre-tax income distribution, increasing local pro-
gression, in terms of liability progression, implies increasing e⁄ective progression, in terms
of progressivity.
In Suits (1977) an index that is analogous to Kakwani￿ s one is derived, in order to
measure disproportionality, however, he builds it on relative concentration curves. Plot-
ting cumulated fractions of tax liabilities on cumulated fractions of pre-tax incomes, yields
the relative concentration curve of tax liabilities
C
rel
T (q) : q = LX(p) ) C
rel
T (q) = LT(p) (4.16)
with Crel
T (q) being upward-sloping and convex for a progressive tax schedule. Then Suits












Thus, PGSUI can be obtained from PGKAK by attaching the weight L0
X(p) to the dif-
ference between the Lorenz curves, which then yields an index of e⁄ective progression.
PGSUI ￿ [￿1;+1]; with PGSUI = ￿1 in case of extreme regression, when the poorest pays
all the taxes and PGSUI = 1 in case of extreme progression, when the richest does so.
However, PGKAK ￿ [￿(1+IGini
X );(1￿IGini
X )]; i.e. its boundaries depend on the degree of
inequality in the income distribution, with PGKAK = ￿(1 + IGini
X ) in case of maximum
regression and PGKAK = (1 ￿ IGini
X ) in case of maximum progression.53
53Cf. Lambert (2001), pp. 201-204.
324.4 Indices of Redistribution
Analogously to considering the di⁄erence [LX(p)￿LT(p)] when measuring disproportion-
ality, the di⁄erence [LX￿T(p) ￿ LX(p)] may be interpreted as the fraction of the total
post-tax income shifted from high incomes, i.e. the top 100(1 ￿ p) per cent, to low in-
comes, i.e. the bottom 100p per cent, by progression in the tax schedule, indicating e⁄ects
of overall redistribution of incomes. Moreover, analogously to quantifying disproportion-
ality with PGKAK; PGext
KAK and PGSUI, Reynolds and Smolensky (1977) introduce





[LX￿T(p) ￿ LX(p)]dp (4.18)
allowing a link to residual progression. With CX￿T denoting the concentration coe¢ cient
for post-tax incomes and IGini





i.e. PGRSM measures the reduction in the Gini coe¢ cient resulting from the progressive






X (v) ￿ C
ext
X￿T(v) (4.19)














X￿T denoting the relative concentration curve of post-tax incomes. Kiefer (1985)
and Blackorby and Donaldson (1984) apply I"
A from equation 2.14, in order to measure







whereas Blackorby and Donaldson (1984) measure the percentage increase in inequal-









While two tax schedules, which make equal improvements in the Atkinson index through
taxation, are judged equally progressive by PGKIE, PGBLD rates the schedule more
54Cf. Schmidt (2004), pp. 99 and 101-102, Musgrave and Thin (1948), as well as Lambert (2001), pp.
196-198.
33progressive which possesses a more unequal pre-tax income distribution.55
An index introduced by Blackburn (1989) also quanti￿es redistributive e⁄ects of
progression. Blackburn measures relative di⁄erences between inequality before and after
taxation and concludes on redistributive e⁄ects. His k-value may be interpreted as the
amount of money each taxpayer above the median income needs to pay to taxpayers below
the median, in order to achieve exact equality between the pre-tax income distribution
and the corresponding post-tax income distribution. When relating this k-value to the












If one now wants to link the disproportionality e⁄ect of progression with its redistrib-
utive e⁄ect, one may apply the following relation between the Lorenz curves:
LX = gLT + (1 ￿ g)LX￿T (4.24)
with g = T
X: Thus, the pre-tax Lorenz curve is a weighted average of the Lorenz curves
of post-tax incomes and tax liabilities. It follows a signi￿cant result: If and only if
tax liabilities are distributed more unequally than pre-tax incomes, i.e. higher incomes
pay a greater share of their incomes for taxes than lower incomes, i.e. LT ￿ LX; will
income shares of given quantiles in the pre-tax distribution be more equally distributed
after than before taxation, which is to say taxation redistributes incomes resulting in
decreasing inequality, i.e. LX￿T ￿ LX: This result turns out to be a core characteristic of
progressive income taxation, since it can be proven that






while in case of proportional taxation, it holds that
LX￿T = LX = LT
Moreover, it follows from transforming equation 4.24 into: LX ￿(1￿g)LX = gLT +(1￿
g)LX￿T ￿ (1 ￿ g)LX; and reordering it, that:
LX￿T ￿ LX =
g
1 ￿ g
(LX ￿ LT) (4.25)
with the left-hand side denoting redistribution and the right-hand side denoting dispro-
portionality, weighted by the tax level
g
1￿g: Therefore, it follows with equations 4.14, 4.15,
55Cf. Lambert (2001), pp. 206-207 and 210.
56Cf. Merz et al. (2005), p. 8.

















Finally, an index of horizontal inequity is proposed by Duclos and Araar
(2006). From an index of horizontal inequity one would expect to quantify the de-
gree of unequal treatment of equals, which appears to be a concept closely linked to the
concept of redistribution, as introduced earlier. Hence the distance between the concen-
tration curve of net incomes and the Lorenz curve of net incomes, which is an indicator
of reranking, appears to be an appropriate index of horizontal inequity58, i.e.
PGHI = CX￿T(p) ￿ LX￿T(p);8 p ￿ ]0;1[ (4.26)
All indices of progression in taxation systems introduced in this chapter and the corre-
sponding concepts they focus measurement on, are summarized in table 4.1.
Name Notation Formula Measure
First deriv. of avrg. tax rate PGAV
m(x)￿a(x)
x Loc. prg.
Elast. tax liabil./pre-tax inc. PGLP
m(x)
a(x) Liab. prg.
Elast. post-tax/pre-tax inc. PGRP
1￿m(x)
1￿a(x) Resi. prg.













Kakwani index PGKAK 2
R 1
0 [LX(p) ￿ LT(p)]dp Disprop.
Suits index PGSUI 2
R 1
0 [LX(p) ￿ LT(p)]L0
X(p)dp Disprop.
Reynolds￿ Smolensky ind. PGRSM 2
R 1
0 [LX￿T(p) ￿ LX(p)]dp Redistrib.




Kiefer index PGKIE I"
A;X ￿ I"
A;X￿T Redistrib.










Index of horizontal inequity PGHI CX￿T(p) ￿ LX￿T(p) Redistrib.
Table 4.1: Indices of Progression - Notation and Type of Progression Measured
57Cf. Lambert (2001), pp. 188-191 and 208-209.
58Cf. Duclos and Araar (2006).
355 Measuring Poverty and Richness
This chapter focuses on the low end of an income distribution. Firstly basic de￿nitions
and axioms for measures of poverty are brie￿ y presented, then various indices measuring
poverty are introduced and an evaluation of their ful￿llment of axioms is presented. A
rather new development, the measurement of richness is also shortly introduced.
5.1 Basic De￿nitions for Measures of Poverty
Following Lambert (2001), before one may measure any kind of poverty, one must make
sure that it is precisely de￿ned what one is about to measure. At poverty in particular,
this means identifying who should be considered poor in the framework of the analysis
and thereby making a clear cut at where poverty is determined to start. At the given
data sets, it appears most appropriate to let an exogenously given poverty line determine
this threshold. Although there are various socioeconomic variables feasible that may
contribute relevant information to answering the question if a person may be considered
relatively poor in given social surroundings, or not, again in the framework of this analysis
the composition of the underlying data set limits the set of potential variables of poverty
to individual incomes according to taxation statistics only, still leaving options for the
di⁄erentiation between pre-government incomes and post-government incomes, as well as
between unadjusted incomes and equivalence-scale adjusted incomes.59 A poverty line
then helps identifying the poor by representing the level of income necessary to maintain
a subsistence level of standard of living. It may be de￿ned either in absolute terms as
a plain amount of pre-government or post-government income, adjusted or unadjusted,
below which people are considered poor, or it may be de￿ned relatively, e.g. to the mean
or median income of the overall distribution. This leads to the classi￿cation of poverty
indices as either absolute or relative poverty indices.
Let a poverty index be de￿ned by a real valued function on R+￿Z; so that PV n(X;z)
indicates the degree of poverty associated with any distribution of income X ￿ Rn
+, with z
￿ Z, z > 0 denoting the poverty line, and n ￿ N denoting the overall number of incomes in
the data set. A poverty index aggregates the characteristics of the poor into an indicator
of poverty. Then PV n is called a relative index of poverty if
PV
n(X;z) = PV
n(cX;cz) 8 n ￿ N; X ￿ R
n
+; z ￿ Z




n;z + c) 8 n ￿ N; X ￿ R
n
+; z ￿ Z
59However, recent literature has shifted the emphasis of poverty analysis from the sole focus on individual
income components to a multivariate focus on various attributes of well-being, like health, housing,
environment, public goods, and literacy. Cf. Chakravarty and Muliere (2004b), pp. 28-30.
36where c is a scalar such that (X+c1n) ￿ Rn
+ and (z+c) ￿ Z: Moreover, one should in advance
determine the intensity of poverty to be measured, e.g. how far people￿ s incomes lie below
a poverty line, and if this should be a relevant matter at all. When indices of poverty are
introduced one will see that these matters mentioned here will be dealt with di⁄erently
by the various indices. In the following, various indices of poverty are introduced, and
their performance at the ful￿llment of several axioms and principles, which are similar to
the ones introduced at the measurement of inequality, is brie￿ y evaluated.60
5.2 Indices of Poverty
In this section, various indices of poverty are introduced and evaluated with respect to
ful￿llment of the axioms presented. Chakravarty and Muliere (2004b) report an extensive
list of indices which should be the base for the indices of poverty introduced in the
following. Following them, let
Q(X) = fijxi ￿ zg
denote the set of poor persons, xi being person i
0s income and q denoting the number of
people having been identi￿ed as poor, according to their incomes at the income distribu-
tion of X ￿ Rn
+; i.e. the cardinality of the set Q(X): Then, relating the number of poor






It is as well an absolute index as a relative index. Furthermore, relating the average






Combining equation 5.1 with equation 5.2 yields the normalized poverty de￿cit:
PVNPD(X;z) = PVHCR(X;z)PVPGR(X;z) (5.3)
Sen (1976) introduces an index that sums up the weighted income gaps among the poor,




i=1(z ￿ b xi)(q + 1 ￿ i)
(q + 1)nz
(5.4)
with b xi denoting the illfare ordering of person i.61 Blackorby and Donaldson (1980)
introduce a generalization of the Sen index, i.e. the Blackorby-Donaldson index of
60More detailed de￿nitions of these axioms as well as a more detailed analysis of the indices￿performances
at ful￿lling them may be found in the appendix. Cf. Lambert (2001), pp. 133-136.
61For large q; the Sen index may be expressed by the head-count ratio, the poverty-gap ratio and the








with Eq(Xq) denoting the equally distributed equivalent income of the poor, evaluated
according to a regular, homothetic social welfare function, and with PVHCR from equation
5.1. PVBLD measures the relative gap between the poverty line and the equally distributed
equivalent income of the poor, times the number of poor people.62 PVSEN and PVBLD are
both sensitive to PVHCR, to the degree of poverty among the poor, and to the degree of
inequality among the poor.63 Also generalizing the Sen index, Kakwani (1980) introduces








(z ￿ b xi)(q + 1 ￿ i)
r (5.6)
for r > 0: For r = 0; it follows from equations 5.1 and 5.2 that
PVKAW = PVHCRPVPGR
and for r = 1; from equations 5.6 and 5.4, it follows that the Kakwani index resembles
the Sen index64:
PVKAW = PVSEN
In Hamada and Takayama (1977) an index that is based on a censored income dis-
tribution, X￿; replacing each non-poor income by the poverty line is introduced. The






[2(n ￿ i) + 1]b x￿
i (5.7)
In Chakravarty (1983) the proportionate gap between the poverty line and the equally dis-
tributed equivalent income Eq(Xq) is applied, based on the censored income distribution.
He derives the Chakravarty index of relative poverty65:




Based on PVCHK; Thon (1979) applies the rank of the poor persons in the total population






(z ￿ b xi)(n + 1 ￿ i) (5.9)
62An absolute version of PVBLD corresponds to PVBLD = q[z ￿ Eq(Xq)]:
63Cf. Chakravarty and Muliere (2004b), pp. 18-28 and Sen (1976), pp. 223-225.
64Cf. Chakravarty and Muliere (2004b), pp. 20-21 and Kakwani (1980), p. 443.
65In the absolute version, PVCHK denotes PVCHK = (z ￿ En(X￿)):
38Clark et al. (1981) also build their Clark, Hemming, Ulph (CHU) index on PVCHK:
They apply the symmetric mean of order k for En(X￿) in equation 5.8 yielding:










for k < 1; k 6= 0.66 As k decreases greater weight is put to transfers at the lower end of
the distribution.
In Foster and Shorrocks (1991) a group of subgroup decomposable indices is suggested.
They de￿ne a continuous, decreasing and strictly convex function f : R1
+ ! R1, with











f(t) = ￿logt;t > 0
PV
n;1












p) ￿ log(1 ￿ PVPGR)] (5.12)
where I
q
Theil denotes the Theil index of inequality among the distribution of the poor
incomes.67 Foster et al. (1984) apply
f(t) = (1 ￿ t)
￿;￿ > 1











The coe¢ cient ￿ may be interpreted as a parameter of poverty aversion, since greater
values of ￿ attach increasingly greater weight to large poverty gaps.68
In Vaughan (1987) the Vaughan index, which measures the loss of welfare due to
the presence of poverty, is introduced: It results in:
PVV AU(X;z) = 1 ￿
W n(X)
W n( e X)
(5.14)








67Cf. Chakravarty and Muliere (2004b), pp. 25-26.
68Cf. Chakravarty and Muliere (2004b), p. 27, Foster et al. (1984), pp. 762-764, and Coulter et al. (1992),
p. 1071.
39as a relative poverty index69, where e X is derived from X by setting all poor incomes equal
to the poverty line, and W n(￿) denotes the underlying social welfare function. Finally
Hagenaars (1987) extends the Vaughan index to the Hagenaars index, replacing X
by X￿ and assuming that the social welfare function corresponds to the sum of identical
individual utility functions70:








All in all, the most popular indices of poverty that appear to be the most elaborate ones,
are the following: the Sen index and the Kakwani index, which is built on the Sen index,
moreover the Chakravarty index, and the CHU index, which is related to the Chakravarty































i=1[2(n ￿ i) + 1]b x￿
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i=1(z ￿ b xi)(n + 1 ￿ i)





























Vaughan index PVV AU 1 ￿
Wn(X)
Wn( e X)






Table 5.1: Indices of Poverty - Notation and Formulas
All indices of poverty presented in this section are summarized in table 5.1, and their
69The absolute version of the Vaughan index corresponds to: PVV AU(X;z) = Wn(X) ￿ Wn( e X):
70Cf. Chakravarty and Muliere (2004b), pp. 27-28.
40performance at the ful￿llment of axioms, which are derived in the appendix, is summarized
in table 5.2.
Index Axioms and Principles
Nota Fo Wk. Strg. Sym Incr. Cont Popu Mon. Dim.tr. Subgr.
tion cus mon. trans. met. pov.l. inuity lation sen. sensit. Decom.
PVHCR yes no no n/a n/a yes n/a no no yes
PVPGR n/a yes no n/a n/a n/a n/a n/a no n/a
PVSEN yes yes no yes yes no no n/a n/a no
PVBLD yes yes no yes yes no no n/a n/a no
PVKAW n/a n/a no n/a n/a no no n/a yes no
PVCHK yes yes yes yes yes yes y/n* n/a y/n* y/n*
PVCHU yes yes yes yes yes yes yes yes yes no
PVFSH yes yes yes yes n/a yes yes yes yes yes
PVFGT yes yes yes yes n/a yes yes yes yes yes
PVHAG n/a yes yes n/a yes n/a n/a n/a n/a n/a
* Whether PVCHK does or does not ful￿ll these axioms depends on the form of the underlying welfare function.
Table 5.2: Indices of Poverty - Ful￿llment of Axioms and Principles
5.3 Measurement of Richness
While all poverty indices of the previous section are well-known, little research has been
done on the measurement of richness.71
In a recent paper, Peichl et al. (2006) de￿ne a new class of richness measures. Let ￿
be the richness line, e.g. 200% of median income, and r = #fijxi > ￿; i = 1;2;:::;ng
the number of rich persons. In most studies on income richness, only the proportion of










Its de￿nition resembles that one of the head count ratio for poverty. This de￿nition of
richness is not a satisfying, because this index will not change if nobody changes his or
her status (rich or non-rich). Therefore, Peichl et al. (2006) de￿ne measures of richness














As the incomes of the rich have only a lower bound ￿, these incomes are transformed
relative to the richness line,
xi
￿ , to the unit interval by a strictly increasing transformation
function f. Where f : R+ ! [0;1] is strictly increasing, v : [0;1] ! R+ (in particular
71For an overview of the sparse literature see Medeiros (2006).
41[0;1]) is increasing and v(f(￿)) is at least concave, that is, has a concave restriction on
[a;1[ for some a 2 R+.
Peichl et al. (2006) de￿ne f(y) := 1 ￿ 1






























which resembles the FGT index.
One may also de￿ne f(y) = 1￿ 1
ye; e > 0, for y > 1 and v(y) = y and obtain an index













; e > 0:
6 Conclusion
This paper provided a survey of the distributional analysis of ￿scal reforms. Thereby,
distributional e⁄ects have be di⁄erentiated by four subconcepts: inequality, polarisation,
progression in taxation, and poverty and richness.
In order to properly prepare an analysis of the distributional e⁄ects of governmental
activity, one might ￿rstly want to adjust the income concept applied in the underlying
data to speci￿c e⁄ects of taxation law and derive a more market oriented concept of pre-
government income. Further accounting for a heterogeneous population of tax units as
well as di⁄erences in needs of households of di⁄erent size by adjusting post-government
disposable incomes to equivalence scales one is well equipped for an analysis of a data set,
with respect to concepts of distributional e⁄ects, like inequality, polarisation, progression,
and poverty.
When measuring inequality one may apply various indices, either descriptive indices
simply measuring dispersion, or indices based on an entropy concept from information
theory, or indices with a normative background of social welfare indices. Whichever indices
applied, the results of empirical applications should be analysed with respect to relative
changes in di⁄erences of the indices￿values, rather than with respect to their absolute
values, since many indices are not normalized. Moreover, most indices are sensitive at
di⁄erent ranges of the distribution scale, so that they implicitly measure di⁄erent features
of inequality at the same data set. However, if one accounts for these di⁄erences in
72See Peichl et al. (2006).
42sensitivity, relative changes in di⁄erences of absolute values of measures may be compared
to each other, and cautious conclusions on the magnitude of changes in the degree of
inequality may be drawn.
Moreover, indices may be compared to each other with respect to ful￿llment of certain
desirable axioms and principles, as well as adjustments for equivalence scales may be
undertaken without any drawbacks, since indices of inequality then mirror which range
on the distribution scale is mostly a⁄ected by such adjustments, if one again controls
for the sensitivity of the indices with respect to transfers along the distribution scale.
Indices of inequality are also applied to empirical analyses, mainly with respect to their
sensitivity along the distribution scale, with the Gini coe¢ cient, the Atkinson index, and
the Theil index being the most popular ones at this matter. Moreover, the Theil index
appears to be a famous index for decomposition of overall e⁄ects into partial e⁄ects. It
also appears to be highly useful, since its general class of GE indices can be adjusted to
sensitivity towards all ranges of the distribution scale by its sensitivity parameter c: Also
the Atkinson index appears to be useful, because of its normative character.
A subconcept of inequality subjects the formation of income groups which are moving
away from each other on the income scale, exhibiting the development of two growing
peaks at the tails of income distributions, creating a growing gap around the mean income.
Such polarisation may be measured by on the one hand indices which are based on axioms,
originating from simple quantile-ratios and the Esteban-Ray index, which are focused on
the appropriate formation of groups and measure intra-group homogeneity applying an
identi￿cation function as well as inter-group heterogeneity applying an alienation function,
developing to the by now most elaborate Duclos-Esteban-Ray index, accounting also for
interaction between identi￿cation and alienation. On the other hand, measures based on
the concept of ￿ the declining middle class￿focus on the growing gap between the two peaks
on the distribution scale, generally all based on the Wolfson index.
Various concepts may be identi￿ed being responsible for a reduction in the degree of
inequality and polarisation at income distributions. They all exhibit progressive e⁄ects
of taxation systems, which may be grouped by redistributive e⁄ects from pre-tax to post-
tax incomes, and e⁄ects of disproportionality at the determination of tax liabilities. The
latter one is characterized by progressivity, which may further be decomposed into e⁄ects
of vertical equity and reranking e⁄ects as well as horizontal inequity. Direct progression
may be further di⁄erentiated from indirect progression according to the presence or the
absence of an absolute tax exemption. Local progression may be di⁄erentiated from ef-
fective progression, whereat average tax rates may be compared to marginal tax rates,
and elasticities may be calculated. Indices may be established as well. They generally
consider the relation between certain Lorenz curves and concentration curves: while in-
dices of disproportionality compare pre-tax Lorenz curves to tax-liability Lorenz curves,
indices of redistribution compare pre-tax Lorenz curves to post-tax Lorenz curves. Relat-
ing these Lorenz curves to each other allows a link between indices of these two concepts
43of progression, and thereby determine a progressive tax system.
When focusing on the low end of an income distribution, which is characterized by
inequality and probably results from ongoing polarisation, one may, especially in countries
other than the highly developed ones, ￿nd, although incomes are taxed progressively, the
socially undesirable characteristic of poverty. If one then wants to measure a degree of
poverty su⁄ered among the very low incomes, one should beforehand make sure that it
is precisely de￿ned what one is about to measure, which means identifying who should
be considered poor. Thereby an exogenously given poverty line might help determining
an appropriate threshold. When limiting the analysis to individual income values from
tax statistics, a poverty line appears helpful at identifying the poor by representing the
level of income necessary to maintain a subsistence level of standard of living. Indices
that may then be applied to the data, range from absolute ones simply counting heads
below the poverty line, via relative ones accounting for poverty gaps, accounting for the
mean among the poor incomes, attaching weights to higher deprivation, and determining
equally distributed equivalent incomes. Indices again vary greatly at performance with
respect to ful￿llment of desirable axioms and principles. Also adjustment for appropriate
equivalence scales makes sense, especially at the matter of poverty, where the absolute
levels of incomes are of major relevance. The most popular indices of poverty, which also
appear to be the most elaborate ones, are the following: the Sen index and the Kakwani
index, which is built on the Sen index, moreover the Chakravarty index, and the CHU
index, which is related to the Chakravarty index, and ￿nally the Watts index and the
FGT index, which are both derived from the Foster-Shorrocks indices.
All in all, it shall be concluded that the results on distributional e⁄ects of ￿scal reforms
are not as straightforward as popular phrases like ￿ the rich become richer, while the poor
become poorer￿and ￿ declining social justice￿state. In general there occurs a need for a
di⁄erentiated communication of the results of such analyses in political a⁄airs, in order to
prevent from one-sided and biased public perceptions of necessary public reforms. Only
if it may be accomplished that voters have the abilities and at the same time the will
to apply di⁄erentiated judgements on public reforms, long-term political power of such
desirable reforms may be maintained.
44Appendix 1. Basic Concepts of Measuring Dispersion
- The Lorenz Curve
Many measures of inequality are based on the concept of the Lorenz curve which in turn
is based on the concept of the distribution function and the inverse of the distribution
function. This section closely follows Piesch (1975). He derives a class of measures
of dispersion with the help of the inverse distribution function. Let X be a continuous
variable de￿ned on the interval [a;b]; with a;b 2 R: Then f(x) denotes the density function
of X, F(x) the corresponding strictly monotonously increasing distribution function, and
the inverse of it ,
G[F(x)] = x (.1)
is called the inverse distribution function de￿ned on the interval [0;1].73 The arithmetic


































is the so called coe¢ cient of variation. Plugging the inverse distribution function in the






















73Piesch (1975) also de￿nes the inverse distribution function for the case of a discrete variable as a
left-continuous staircase function.
45Considering the standardized inverse distribution function as a density function and then
regarding the distribution function of this density function on [0;1]; yields the so called
Lorenz curve74, the fundamental concept of measuring inequality.
Deriving the Lorenz curve, Piesch (1975) de￿nes the ￿rst moment distribution of the






and calls it the incomplete ￿rst moment. The related distribution function F(x) he calls
the incomplete moment of order zero. Then he plots F(x) and L(x) on a rectangle


























as the moment distribution. Since F(x) and L(x) are both distribution functions, the
Lorenz curve is de￿ned for the coordinate plane of the unit square and always intersects
the origin (0;0) as well as the upper right corner of the unit square (1;1): Moreover, since
L(x) ￿ F(x); the Lorenz curve always runs beneath or at the straight diagonal of the
unit square, where L(x) = F(x). Plugging in equation .2 for x in the parametric notation
yields:








This is to say, values for the Lorenz curve resemble the fractional area beneath the stan-
dardized inverse distribution function. Thus, the Lorenz curve appears to be the distrib-
ution function of the standardized inverse distribution function. Its derivation is pictured
in ￿gure .1.
The Lorenz curve is monotonously increasing from L(0) = 0 to L(1) = 1; convex, and
its ￿rst di⁄erentials in L(0) and L(1) correspond to a
￿; and to b
￿, respectively. Thus, if
a = 0 the Lorenz curve starts with a horizontal tangent, and if b = 1 it ends with a
vertical tangent.76 In order to be able to connect the single points of the Lorenz curve
to a convex frequency polygon, Piesch (1975) applies the inverse distribution function as
a staircase function and then yields 1
￿
R 1
0 G(u)du for the Lorenz curve. However, if the
Lorenz curve is approximated linearly between the points for each group, the dispersion
calculated via the Gini coe¢ cient may be underestimated. The Lorenz curve appears to
be the fundamental method for any descriptive measure of dispersion.
74The term Lorenz curve refers to Lorenz (1905).
75In the case of a discrete variable, this would mean plotting the cumulated relative frequencies and the
cumulated relative sums of the values of the variable.























Source: Piesch (1975), p. 24.
Figure .1: Deriving the Lorenz Curve
Appendix 2. Descriptive Indices of Inequality - The
Gini Coe¢ cient
In case of X being a continuous variable, the Gini coe¢ cient may be derived from the








0 L(F)dF; 0 ￿ A ￿
1
2
denote the so called area of concentration located between the diagonal and the Lorenz
curve, with
d(F) = F ￿ L(F)
being the di⁄erence function. Introduced by Gini (1914)77, a measure of dispersion relates












0 L(F)dF) = 1 ￿ 2
R 1
0 L(F)dF)
and is called the Gini coe¢ cient of inequality78. IG
Gini can be interpreted as the mean of









Gini is normalized on [0;1]; corresponding to zero in case of no dispersion, i.e.
equality of all values, and one in case of maximum dispersion. Resulting, the area above
77Cf. Gini (1914).
78The ￿ G￿indidates that this is the general Gini coe¢ cient, in order to di⁄erentiate it from the more
speci￿c Gini coe¢ cients for between-group and within-group inequality.












where L(F) denotes the inverse of the Lorenz curve. Figure .2 pictures the area of con-

















Source: Piesch (1975), p. 29.
Figure .2: Gini Coe¢ cient for a Continuous Variable.














0 (2F ￿ 1)G
￿dF = 2cov(F;G
￿)
Alternative notations of the Gini coe¢ cient correspond to
I
G
Gini = 1 ￿ 2
R 1
0 LdF = 2
R 1
0 FdL ￿ 1 = 2
R 1
0 (1 ￿ L)dF ￿ 1 =
R 1







￿dF ￿ 1 = 1 ￿ 2
R 1
0 (1 ￿ F)G
￿dF




a jx ￿ yjdF(x)dF(y)
Applying equation .1 it follows that
￿ =
RR 1








Fx jGx ￿ GyjdFxdFy
=
R 1
0 FxGxdFx ￿ ￿
R 1
0 LxdFx + ￿
R 1
0 (1 ￿ Ly)dFy ￿
R 1
0 Gx(1 ￿ Fx)dFx
= 2
R 1
0 FGdF ￿ 2￿
R 1





















i.e. the Gini coe¢ cient corresponds to the coe¢ cient of variation with ￿ and ￿; V(￿;￿):79
Appendix 3. De￿nitions and Axioms for Measures of
Inequality
Let an income distribution for a homogeneous population consisting of n persons, with
n ￿ 2 be an equally distributed random variable X = (x1;x2;:::;xn); where xi ￿ 0 is
the income of individual i: The vector X is an element of Dn; the nonnegative orthant
of the n-dimensional Euclidean space Rn without the origin, and the set of all income
distributions is D =
S
n￿N Dn: Further, let the continuous function
I : D ! R; so that I
m(X) ￿ I
n(Y ); with m;n ￿ N; X ￿ D
n and Y ￿ D
n
be an index of inequality. Thus, each sequence fIn : Dn ! Rngn￿N refers to a di⁄erent
population size n: Such an index of inequality may ful￿ll several axioms, introduced in
the following.80
Monotonicity:
An inequality index ful￿lls the axiom of monotonicity if a reduction of a low-level
income, ceteris paribus, unambiguously increases the degree of inequality, as a reduction
of a high-level income unambiguously decreases inequality.81
Normalization:
An inequality index ful￿lls the axiom of normalization if its range of values is limited
on the interval [0;1]; i.e.
0 ￿ I
n(X) ￿ 1
79In the case of X being discrete, adapting similar transformations yields the same result for the two
Gini coe¢ cients and its relation to the coe¢ cient of variation. With ￿ = 1
n(n￿1)
Pn







2￿: Cf. Piesch (1975), pp. 18-32 and 37-39.
80Cf. Chakravarty and Muliere (2004a), pp. 7-8.
81Cf. Foster et al. (1984), p. 762.
49and if it holds that
I
n(X) = 0 , x1 = x2 = ::: = xn
i.e. the index takes the value of zero in case of equality of all incomes. Especially the
upper limitation of 1 is violated by many famous indices of inequality.82
Translation Invariance:
An inequality index I corresponds to the concept of relative inequality if proportional
translations to all incomes do not change inequality, i.e. 8 n ￿ N;8 X ￿ Dn; In(X) =
In(cX); where c > 0 is a scalar, this is to say I is scale-invariant. In contrast, an index I
is an absolute inequality index if it is invariant to equal absolute translations of incomes,
i.e. 8 n ￿ N;8 X ￿ Dn; In(X) = In(X +c1n); where c is a scalar so that (X +c1n) ￿ Dn:
Symmetry:
An inequality index I ful￿lls the axiom of symmetry if the degree of inequality remains
unchanged under any reordering of incomes, i.e.




where Y is any permutation of X; so that any two individuals may change their positions
with no e⁄ect on inequality.83
Population Principle:
According to the population principle, inequality remains unchanged if a population
is replicated m times:









with each x(j); j = 1;:::m corresponding to X: The population principle is a property of
all inequality indices that are de￿ned on the continuum.84
Decomposability:
An inequality index is called decomposable if the inequality ranking between two
distributions remains unchanged if both distributions are mixed with a third distribution,
as long as all three distributions obtain the same mean value85:
8 n ￿ N; 8 X;Y;Z ￿ D
n; with ￿x = ￿y = ￿z
82Cf. Schmid and Trede (1999), pp. 36-37.
83Cf. Chakravarty and Muliere (2004a), pp. 8-9.
84Cf. Chakravarty and Muliere (2004a), p. 9 and Dalton (1920).




n(Y ) ) I
n[(1 ￿ ￿)X + ￿Z] > I
n[(1 ￿ ￿)Y + ￿Z]
Furthermore, a decomposable index is called additively decomposable if overall inequality
may be decomposed into the sum of between-group inequality and within-group inequality,
with the latter term being a weighted sum of the sub-group inequality values.86 Let there
be k = 1;::::K sub-groups, with inequality values Ik within these sub-groups and IB
capturing between-group inequality, i.e. di⁄erences in the general levels of income in the
K groups, all within-group inequalities neglected. Then, overall inequality becomes
I =
PK
k=1 ￿kIk + IB
with the weights
￿k = ￿(pk;qk)
depending on the proportion of overall population in group k; pk; and group k
0s share of
total income, qk; thus
￿ : [0;1] ￿ [0;1] ! R+
The requirement of additive decomposability severely limits the set of adequate inequality
measures in certain settings, where decomposition of overall e⁄ects on inequality shall be
broken down to single partial e⁄ects.87
The Pigou-Dalton Transfer Principle:
Let X ￿ Dn be obtained from Y ￿ Dn by a so called progressive transfer if there exist
two persons i and j such that
xk = yk 8 k 6= i;j; xi ￿ yi = yj ￿ xj > 0; yi < xi < yj
and yi < xj < yj: That is, X and Y are identical except for a positive transfer of income
from person j to person i; with i having a lower income than j: Further, the transfer is
such that it does not change the relative positions of the a⁄ected persons, i.e. it does not
alter rank orders if the index ful￿lls the axiom of symmetry. De￿ne a regressive transfer
analogously so that equivalently Y is obtained from X by a regressive transfer. Then a
famous property of inequality indices is the Pigou-Dalton transfer principle88, demanding
that a progressive transfer must always decrease the degree of inequality and a regressive
transfer must always increase the degree of inequality:




86Cf. Shorrocks (1980), pp. 613-614.
87Cf. Lambert (2001), pp. 111-112.
88Cf. Dalton (1920), p. 351.
51if X is obtained from Y by a progressive transfer.89
An extension of this principle - the principle of diminishing returns - assigns greater
signi￿cance to a progressive transfer between two individuals with a given di⁄erence in
incomes if these incomes are low than if they are high: 8 n ￿ N; 8 Y ￿ Dn; if X is obtained
from Y by a progressive transfer from income xi + h to income xi; h > 0; then
@ [In(Y ) ￿ In(X)]
@xi
< 0
i.e. the magnitude of decrease in inequality is greater the lower is xi:90
Appendix 4. Ful￿llment of Axioms and Principles by
the Indices of Inequality
The Gini coe¢ cient is translation invariant, normalized on [0;1] and satis￿es the axiom
of symmetry as well as the population principle and the Pigou-Dalton transfer principle.
However, it is not additively decomposable and violates the principle of diminishing re-
turns, since it is linear in case of a given rank order of incomes.91 Moreover, IG
Gini is
characterized by constant relative inequality-aversion. An extension of the Gini coe¢ -






0 ￿(p ￿ L(p))dp] (.3)
for X being continuous. I
G;ext
Gini then ful￿lls the principle of diminishing returns.93
The relative mean deviation is translation invariant, ful￿lls the axiom of sym-
metry, the population principle, and is normalized on [0;2]. One major disadvantage of
RMD however is that it remains unchanged in case of transfers among incomes on only
one side of the mean, since then the sum of absolute deviations from the mean does not
change. Thus, it is not strictly concave and violates the Pigou-Dalton transfer principle,
89Cf. Chakravarty and Muliere (2004a), pp. 9-10.
90A combination of two transfers, a progressive one and a regressive one, such that the progressive one is
taking place at a lower level of incomes than the regressive one, is called a favorable composite transfer
if the variance of the original distribution does not change. Moreover, if X is obtained from Y by a
favorable composite transfer and In(X) < In(Y ); this transfer has the property of transfer sensitivity.
A positional version of the diminishing transfers principle is called the principle of positional transfer
sensitivity demanding that a transfer from any income to a lower one with a ￿xed proportion of all
incomes between these two must have more signi￿cance at the lower end of the distribution. See
Kolm (1976), pp. 87-88 and Chakravarty and Muliere (2004a), pp. 10-12.
91When decomposing it into between-group inequality and within-group inequality a residual term occurs.
Cf. Cowell (1995), p. 66, Maasoumi (1997), p. 211, Atkinson and Bourguignon (1987), p. 125, and
Lambert (2001), p. 114. Lambert (2001) further uses the residual term for an evaluation of tax systems.
92He de￿nes ￿(p) = ￿(p ￿ L(p)); ￿ : [0;1] ! R1
+ as a general divergence function, which is linear in
p ￿ L(p): Assuming ￿(p) to be regular. A divergence function is called regular if it is continuous,
strictly increasing, strictly convex and starts in the origin (0,0).
93Cf. Chakravarty (1988), pp. 148-149.
52violates the principle of diminishing returns, and it is not decomposable.94 However, it
is characterized by constant relative inequality-aversion. The variance as an index of
inequality satis￿es the transfer principle and the principle of diminishing returns. It is
decomposable, however not translation-invariant and not normalized on [0;1]: Moreover,
it is characterized by increasing inequality-aversion.95
The coe¢ cient of variation is translation-invariant and decomposable, it ful￿lls
the axiom of symmetry, the population principle and the Pigou-Dalton transfer principle.
However, it violates the principle of diminishing returns, since it values transfers at high
incomes way more than transfers at low incomes. Moreover, it is not normalized on [0;1];
since it ranges on the interval [0;
p
n]; which indicates another disadvantage, i.e. that the
CV ranges between very wide limits in case of many values. CV 2
2 is a special case of the
GE family of inequality indices which possesses the property of additive decomposability,
and it may therefore be used to analyze the e⁄ect of multiple components of income on
inequality. The CV is characterized by constant relative inequality-aversion.96
The logarithmic variance is translation invariant, ful￿lls the axiom of symmetry
and the population principle, however it violates the principle of diminishing returns, is
not decomposable, and not normalized on [0;1]: Moreover, it violates the Pigou-Dalton
transfer principle among high incomes, i.e. for xi > ex; since then a progressive transfer
increases rather than decreases the LV AR: Thus, the LV AR seems to be inappropriate
for an analysis at the upper level of the income scale.97 However, it is characterized by
constant relative inequality-aversion. The variance of the logarithms is translation
invariant, however not decomposable and not normalized on [0;1]: Moreover, it violates
the Pigou-Dalton transfer principle and the principle of diminishing returns in the upper
level of the income scale.98
The indices that belong to the GE family are translation invariant, satisfy the pop-
ulation principle, the Pigou-Dalton transfer principle and the principle of diminishing
returns, however they are not normalized on [0;1]: Moreover, these indices are additively
decomposable with respect to subgroups, so that the GE family indices are also called the
class of additively decomposable inequality measures. These indices allow for decompos-








94Cf. Cowell (1995), pp. 22-23, 66, 139, and 142, Atkinson (1970), pp. 254-255, and Atkinson and
Bourguignon (1987), p. 127.
95Cf. Cowell (1995), p. 66 and Atkinson (1970), p. 256.
96Cf. Cowell (1995), p. 66, Schmid and Trede (1999), p. 41, Atkinson and Bourguignon (1987), pp.
130-131, Kolm (1976), pp. 86-88, and Luethi (1981), pp. 34-35.
97Cf. Cowell (1995), p. 66, Atkinson and Bourguignon (1987), p. 127, and Schmid and Trede (1999), pp.
41-42.
98Cf. Cowell (1995), p. 66, Schmid and Trede (1999), p. 42, and Atkinson and Bourguignon (1987), p.
127.










The weights ￿k for decomposition correspond to99





The Theil index ful￿lls all axioms and principles introduced above, except that it is not
normalized on [0;1], since it has no upper limit. Especially, it satis￿es the Pigou-Dalton
transfer principle as well as the principle of diminishing returns. Most remarkably it is
decomposable by components of income into k = 1;:::K sub-group indices, according to























Theil denoting the value of the Theil index of the k-th sub-group.100
The Atkinson index is translation invariant and normalized on [0;1]: Moreover,
it is decomposable and satis￿es the Pigou-Dalton transfer principle, whereas it violates
the principle of diminishing returns. The Dalton index, however, is not translation
invariant and not normalized on [0;1]: Still, it also is additively decomposable, satis￿es
the Pigou-Dalton transfer principle and violates the principle of diminishing returns.101
Appendix 5. Ranking Distributions - The Lorenz Dom-
inance Criterion
The matter of ranking distributions applies to normative indices. If one intends to not just
speci￿cally order some given distributions, but rather more generally to create a ranking
over a set of distributions, one needs to extend the concepts of the standardized inverse
distribution functions and the Lorenz curve, in order to derive dominance conditions.
Dominance conditions may be desirable, since it can happen that multiple indices of
inequality, when built upon several con￿ icting properties, come to a contradictory ranking
99Only in the cases of c = 0; i.e. the MLD; and of c = 1; i.e. the Theil index, do these weights
sum up to 1: Moreover, in the ￿rst case the weights are independent of the income shares qk so that
within-group inequality simply corresponds to the sum of sub-group inequality weighted by population
shares. Cf.Shorrocks (1980), pp. 619-621 and 625, Cowell (1995), p. 66, Shorrocks (1980), p. 625, and
Lambert (2001), p. 112.
100It results an internal and an external inequality, similar to the decomposition of the variance. In case of
a large internal inequality, groups are relatively inhomogeneous concerning incomes, and the inequality
of the sub-group mean incomes only adds little to overall inequality. Cf. Bourguignon (1979), p. 915,
Cowell (1995), p. 66, Theil (1967), pp. 93-95, and Schmid and Trede (1999), pp. 51-54.
101Cf. Cowell (1995), p. 66 and Bourguignon (1979), p. 918.
54of incomes. To avoid such contradiction one may derive some dominance criteria.102




with U0 > 0; U00 ￿ 0 generally; i.e. U(x) is twice continuously di⁄erentiable, increasing
and concave; moreover it is symmetric and additively separable in individual incomes.
Further, allow for subclasses of W , where only U0 > 0 holds and subclasses, where
neither U0 > 0; nor U00 ￿ 0 hold. Consider the inverse distribution function
G[F(x)] = x
de￿ned on the interval [0;1]; where F(x) denotes the corresponding strictly monotonously
increasing distribution function, and f(x) denotes the density function of X. The inverse
distribution function resembles the quantile function, denoted by
Q(F;q) = minfx j F(x) ￿ qg = xq
A distribution G then ￿rst-order distributionally dominates a distribution F, i.e. each
quantile in G is no less than the corresponding quantile in F; if and only if
W(G) ￿ W(F) 8 W




be the cumulative income function, where C(F;0) = 0 and C(F;1) = ￿(F): Then, the
graph of C(F;q) against q is called the generalized Lorenz curve103. The generalized
Lorenz curve can be derived from the conventional Lorenz curve by simply scaling it up
by the mean:
GL(x) = C(F;q) = L(F;q)￿(F)
so that now the vertical axis runs from 0 to ￿; rather than from 0 to 1: A distribution G
then second-order distributionally dominates a distribution F, i.e.
C(G;q) ￿ C(F;q)
102The criteria introduced here all relate to the case of relative inequality indices. The case of absolute
inequality indices is not elaborated here, since the number of such indices applied in literature appears
to be very little.
103Cf. Shorrocks (1983), p. 6.
55if and only if104
W(G) ￿ W(F) 8 W
where both U0 > 0 and U00 ￿ 0 hold. This is equivalent to saying that G generalized
Lorenz dominates F.105 The result may be turned around, saying that the distribution G
is at least as socially desirable as the distribution F; if and only if the generalized Lorenz
curve of G lies at or above the generalized Lorenz curve of F 8 0 ￿ q ￿ 1; i.e. especially
that both curves do not intersect.106
Dividing the cumulative income function by the mean yields the conventional Lorenz











a uf(u)du = L(F;q) = L(x)
Then, a distribution G Lorenz dominates a distribution F, i.e.
L(G;q) ￿ L(F;q)
if and only if
W(G) ￿ W(F) 8 W
where again both U0 > 0 and U00 ￿ 0 hold. Only in case that ￿F = ￿G; i.e. the dis-
tributions have the same mean, do Lorenz dominance and generalized Lorenz dominance
coincide. For conventional Lorenz dominance it can be stated: If distribution G Lorenz
dominates distribution F; then G is regarded more equal then F by all inequality indices
that ful￿ll the axiom of symmetry and the Pigou-Dalton transfer principle. Now, with
conventional Lorenz dominance, conclusions about inequality comparisons are allowed.107
If one wants to take into account further non-income factors, such as family size,
physical handicap, or location, one must assure for sequential dominance, as introduced
by Atkinson and Bourguignon (1987), who made welfare comparisons in the presence of
social heterogeneity. Their basic idea is to attribute di⁄erent utility functions for monetary
104In primordial progression on this subject, also equal means for both distributions were assumed, cf.
Atkinson (1970).
105Cf. Cowell (2000), Cowell (1995), pp. 100-105, and Chakravarty and Muliere (2004a), p. 28.
106This is also called the Shorrock￿ s theorem, cf. Shorrocks (1983), p. 6. The case of intersecting general-
ized Lorenz curves, as further developed in Lambert (2001), p. 68. Thus, applying generalized Lorenz
dominance one may rank distributions with di⁄ering means over a ￿xed population size, especially for
the case that the conventional Lorenz curves cross. Moreover, the Sorrock￿ s theorem allows compar-
isons, where there is Lorenz dominance but it is the smaller cake which is more equally distributed. It
should however be noted that this ranking can only be one of social welfare, but not one of inequality.
The criterion of generalized Lorenz dominance only allows judgements about the social welfare of two
distributions. Whereas, to draw conclusions about the inequality of distributions one must stick to
the following dominance criterion. Cf. Lambert (2001), p. 51.
107By introducing the principle of diminishing returns, Kolm (1976) shows which properties are necessary
for inequality measures to possess, so that they assign greater signi￿cance to a progressive transfer
between two individuals with a given di⁄erence in incomes if these incomes are low than if they are
high. Cf. Cowell (2000), Cowell (1995), p. 105, Chakravarty and Muliere (2004a), pp. 25-26 and 28,
and Kolm (1976), pp. 87-88.
56income to di⁄erent types of households. They then come to the result that a distribution
G sequential dominates a distribution F; i.e. W(G) ￿ W(F); W being additive across
all types of households and being subject to utility functions that are applied to di⁄erent
types, if and only if there is generalized Lorenz dominance of G over F in each of the
sub-populations comprising the j most needy groups, j = 1;:::n:108
Appendix 6. Decomposability of the Coe¢ cient of
Variation




k=1 xik = xi
Further, V ar(X) denotes the variance of the overall income, ￿ denotes the mean income,
V ar(Xk) and ￿k denote the variance and the mean of income component k, respectively,
Cov(Xk;Xl) denotes the covariance, and ￿kl denotes the correlation coe¢ cient between


































Thereby, the second term indicates the linear dependency of the multiple income com-
ponents. Shorrocks (1982) introduces another decomposition of CV 2; focusing on the













Resulting from decomposition, one may conclude that an income component that makes
up a large share of overall income causes a relatively large part of overall inequality.109
108Thereby, they start with the neediest group and one by one add the second neediest, checking at
each stage for generalized Lorenz dominance till all groups are included, making the procecure one
of sequential methods. This is also called the Atkinson-Bourguignon theorem. Cf. Atkinson and
Bourguignon (1987), pp. 356-358.
109Cf. Schmid and Trede (1999), pp. 56-59 and Shorrocks (1982).
57Appendix 7. Axioms and Principles for Indices of
Poverty
Multiple axioms have been suggested in literature for relative as well as absolute poverty
indices, the main ones correspond to the following - precise de￿nitions follow this para-
graph: the focus axiom suggested by Sen (1976) demands that a poverty index should be
independent of the incomes of the non-poor. Sen also suggests that an index ful￿lls the
weak monotonicity axiom if it indicates increasing poverty in the case that ceteris paribus
there occurs a decrement in a poor person￿ s income. Moreover, it ful￿lls the strong transfer
axiom if ceteris paribus there happens a regressive transfer from a poor person to someone
who is richer. The axiom of symmetry demands that a poverty index is invariant to any
reordering of incomes. If a poverty index unambiguously measures an increasing degree of
poverty, in case the poverty line is shifted upwards, the index ful￿lls the increasing poverty
line axiom suggested by Clark et al. (1981), and if the index is a continuous function of
incomes, the index ful￿lls the continuity axiom. If the degree of poverty measured re-
mains unchanged if the population is replicated, the index ful￿lls the population principle
axiom introduced by Chakravarty (1983) and Thon (1983).110 Kakwani (1980) suggests
that a poverty index should be relatively more sensitive to transfers among the very poor
incomes than among any other incomes and introduces two axioms: an index ful￿lls the
monotonicity sensitivity axiom if it indicates a greater increase in poverty due to a decre-
ment in a poor person￿ s income, the poorer the person is. Kakwani (1980) also suggests
the diminishing transfer sensitivity axiom for an index to ful￿ll, if it indicates a greater
increase in poverty due to a regressive transfer from a poor person with income xi to
another poor person with income xi+h; h > 0; the lower is xi, with none of the two poor
crossing the poverty line due to this transfer.111 Finally, Foster et al. (1984) suggest the
subgroup decomposability axiom for an index of poverty if the indicated overall degree of
poverty may be decomposed into various degrees of poverty, attributed to subgroups that
may be formed by partitioning the population by some homogeneous characteristic.112




n(Y;z) 8 n ￿ N; X;Y ￿ R
n
+; z ￿ Z
if
Q(X) = Q(Y )
and if
xi = yi;8 i ￿ Q(X)
110Cf. Chakravarty and Muliere (2004b), pp. 9-13 and Sen (1976).
111Cf. Kakwani (1980), pp. 438-439.
112Cf. Chakravarty and Muliere (2004b), pp. 13-18 and Foster et al. (1984), pp. 763-764.
58with
Q(X) = fijxi ￿ zg
being the set of poor persons, and xi being person i
0s income.




in the case that Y is obtained from X by a decrement in a poor person￿ s income.




with Y being obtained from X by a regressive transfer from a poor person to someone
who is richer.




if Y is obtained from X by a permutation of incomes.
The increasing poverty line axiom: PV n(X;z) is increasing in z.
The continuity axiom: PV n(X;z) is a continuous function of X.








with each X(i) being X:












obtained from X by the same amount of decrement to poor incomes xi and xj, with
xi < xj:




is greater the lower xi; if Y is obtained from X by a regressive transfer from a poor person
with income xi to a poor person with income xi +h; h > 0; none of the two poor crossing
59the poverty line due to this transfer.113


















i=1 ni = n
113Cf. Chakravarty and Muliere (2004b), pp. 9-18, Kakwani (1980), pp. 438-439, and Foster et al. (1984),
pp. 763-764.
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